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Using an approach based on the heat kernel we prove an Atiyah-Bott-Lefschetz the- 
orem for the L 2 — Lefschetz numbers associated to an elliptic complex of cone differential 
operators over a compact manifold with conical singularities. We then apply our results 
to the case of the de Rham complex. 

Introduction 



The Atiyah-Bott-Lefschetz theorem for elliptic complexes, see [2], is a landmark of elliptic 
theory on closed manifold. After its publication in 1969, several papers have been devoted 
to this theorem, to explore its applications, to investigate new approaches to its proof and 
to find some generalizations. For example in [3] the authors use their first paper to explore 
applications to the classical elliptic complexes arising in differential geometry; in [7J , [TH] , [21] , 
[25] and [3JJ the heat kernel approach is developed, while in [5] an approach using probabilistic 
methods is employed. In [3], [25], [30] [3J], [35], [37J and [3S] the Atiyah-Bott-Lefschetz theorem 
is extended to some kind of manifolds that are not closed: for example [29] is devoted to the 
case of elliptic conic operators on manifold with conical singularities, in [34] the case of a 
fvq manifold with cylindrical ends is studied and in [35] the case of a complex of Hecke operators 

over an arithmetic variety is studied. In particular the use of the heat kernel turned out to 
be a powerful tool in order to get alternative proofs and extensions of the theorem. Since the 
heat kernel associated to a conic operator has been intensively studied in the last thirty years, 
e.g. [10], [UJ [12], [13], [15], [26] and [28], it is interesting to explore its applications in this 
context as well, that is to prove an Atiyah-Bott-Lefschetz theorem over a manifold with conical 
singularities using the heat kernel. This is precisely the goal of this paper. 
Our geometric set up is the following: given a compact and orientable manifold with isolated 
y—{ conical singularities X, we consider over its regular part, reg(X) (usually labeled M), a complex 

of elliptic conic differential operators: 

>< C C °°(M, E Q ) 3 C C °°(M, Ei) A ... V CT(M, E n ) 3 (1) 

and a geometric endomrphism T = (To, T„) of the complex, that is for each i = 0, .., n, Tj = 
4>i ° /* where / : X — > X is an isomorphism and <j>j : f* Ei — > Ei is a bundle homomorphism. 
Using a conic metric over M we associate to ([I]) two Hilbert complexes (L 2 (M, Ei), P m ax/min,i) 
and then we prove the following properties: 

• The cohomology groups of (L 2 (M, Ei), P max /m,in,i) are finite dimensional. 



• If / satisfies some conditions (see definition 13 1 then each Tj extends to a bounded 
map acting on L 2 (M, E. t ) such that (T l+1 o P m ax/min,i)(s) = (Pmax/min T i)(s) for each 

In this way we can associate to T and ([!]) two L 2 — Lefschetz numbers i 2imM / mm (T) defined 
as 

n 

L2,max/ m in(T) := ^(-l) l Tr(T/ : H l 2 max/min (M,Ei) -> H l 2 rnax/min (M,Ei)) (2) 

i=0 
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Subsequently, using the operators Vi := P$ o Pi + Pi-\o Pi_y, its absolute and relative extension 
and the fact that respective heat operators e~ t ' Pa >"/ rel ' i ; L 2 (M, Ei) — > L 2 (M, E^) are trace-class 
operators we prove the following results: 

• L 2t . max/mm (T) = £r =0 (-l) l Tr(T 4 o e -«W-M). Moreover if Fix(f), the fixed points 
of /, is made only by simple fixed points (condition which in turn implies that each 
p 6 Fix(f) is an isolated fixed point) then we have: 

L 2 , m ax/min(T) = E X^" 1 ) / tr (^ ° k abs/rel,i(^ f( X )' x ))dvol g 



qGFix(f) i=0 



where <j>i o fc a 6s/Vei,i(*> f(x), x) is the smooth kernel of Tj o e t:p ab S / r ei,i anc [ jy^ j s a neigh- 
borhood of g. 

Under some additional hypothesis (see theorem [7]) we have the following formulas: 



L 2 ,raax/ mm {T) - ^ E \det(Jd - d tVllI + ^ $Z( -1 )'^ r <'9^<»W'-ei,i)(Q) 

P eFii(/)nM t=0 1 ^ 8W^I q£ S ing(X) i=0 

(3) 



where each CT i ,g('P'a6s/re/,i)(0) satisfies : 



1 f 00 ^ , _ xVa 



CT„ q (V abs/reU )(0) = — / — / tr(0i o e- s ^/-M (4(p),B(p),l,p))*;olh. (4) 

^ Jo x J L q 

Finally, in the last part of the paper, we apply the previous results to the de Rham complex. We 
get an analytic construction of the Lefschetz numbers arising in intersection cohomology and a 
topological interpretation of the contributions given by the singular points to the L 2 — Lefschetz 
numbers. In particular, under suitable conditions, we prove the following formula: 

I^L(f) = L 2 , max (T) = ]T sgndet(Id~d q f)+ (5) 

q€Fix(f)nreg(X) 

+ E E Tr ( B * : H ^ L i) -> Hi i L i))- 

qesing(X) i<2>±i 

where I—L(f) is the intersection Lefschetz number arising in intersection cohomology, T is the 
endomorphism of (L 2 n % (M,g),d max i ) induced by / and B is a diffcomorphism of the link L p 
such that, in a neighborhood of q, f satisfies / = (rA(p), B(P)). In particular from ^ we get: 

m+l 

£ (-ircT Il9 (A Q6s/i )(o) = J2 T < B * ■ Hl ^) (6) 

i=o i^mil 



As recalled at the beginning of the introduction also [25] is devoted to the Atiyah-Bott-Lefschetz 
theorem on manifold with conical singularities. Anyway there are some substantial differences 
between our paper and [29j : the notion of ellipticity used there, which is taken from [33], is 
stronger than that one used in this paper; in particular the de Rham complex is not elliptic 
for the definition given in [33]. Moreover the complexes considered in [35] are complexes of 
weighted Sobolcv space while our complexes are Hilbert complexes of unbounded operator 
defined on some natural extensions of their core domain; finally also the techniques used are 
different because we use the heat kernel while in [29] the existence of a parametrix of an elliptic 
cone operator is used. Some results of this paper are also close to results proved in [25] : indeed 
in |26j the heat kernel is studied in an equivariant situation and an equivariant index theorem 
is proved (see corollary 2.4.7 ). Also in this case there are some relevant differences: the Lie 
group G acting in [22] is a compact Lie group of isometry, while in our work we just require 
that the map / is a diffeomorphism. Moreover the non degeneracy conditions that we require 
on the fixed point of / led us to different formulas to those stated in [26]. On the other hand, 
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for the geometric endomorphisms considered in [26] , that is those induced by isometries g lying 
in a compact Lie group G, the formula obtained by Lesch applies to a more general case than 
the ours because in his work there are not assumptions on the fixed points set while in our 
work there are. 

Moreover, as recalled above, the last part of this paper contains several applications to the de 
Rham complex which are not mentioned in the other papers. 



Acknowledgment. I wish to thank Paolo Piazza for having suggested this subject, for his 
help and for many helpful discussions. I wish also to thank Pierre Albin for having invited me to 
spend the months of March and April 2012 at the University of Illinois at Urbana-Champaign 
and for many interesting discussions. 

1 Background 

1.1 Hilbert complexes 

In this first subsection we recall briefly the notion of Hilbert complex and how it appears in 
riemannian geometry. We refer to [S] for a thorough discussion about this subject. 

Definition 1. A Hilbert complex is a complex, (H*,D*) of the form: 

0^ff ^ffi^i?2^...Vff n ^0, (7) 

where each Hi is a separable Hilbert space and each map Di is a closed operator called the 
differential such that: 

1. T>{Di), the domain of Di, is dense in Hi. 

2. ran{Di) cV(D i+1 ). 

3. D l+ i o Di = for all i. 

The cohomology groups of the complex are H l (H*,D*) := Ker(Di)/ran(Di-i). If the 
groups H l (H*, D*) are all finite dimensional we say that it is a Fredholm complex. 
Given a Hilbert complex there is a dual Hilbert complex 

«- H Q & Hi ?i H 2 ?2 ... °h H n «- 0, (8) 

defined using D* : H i+ i — > Hi, the Hilbert space adjoints of the differentials 

Di : Hi —> H. L+ i. The cohomology groups of (Hj, (Dj)*), the dual Hilbert complex, are 

H l (H,, (D 3 y) := Keripl^lranip^). 

For all i there is also a laplacian Aj = D*Di + Di_\D*_ 1 which is a self-adjoint operator on 
Hi with domain 

V(Ai) = {ve V{Di) n V(DU) : DiV G V(D*), D*_,v e 2?(A-i)} (9) 
and nullspace: 

W{H^D*) := fcer(Ai) = Ker(Di) n KeriD*^). (10) 

The following propositions are standard results for these complexes. The first result is a 
weak Kodaira decomposition: 

Proposition 1. [J§j, Lemma 2.1] Let (Hi,Di) be a Hilbert complex and (Hi, (Di)*) its dual 
complex, then: 

Hi=W® ran(A-i) © ran(D*). 
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The reduced cohomology groups of the complex are: 

H\H*,D*) := ^er(A)/(ran(A-i)). 
By the above proposition there is a pair of weak de Rham isomorphism theorems: 

W{H^D*)=T?(H. M1 D. M ) 

where in the second case we mean the cohomology of the dual Hilbert complex. 

The complex (If*, D*) is said weak Fredholm if Hi{H^, D*) is finite dimensional for each i. By 

the next propositions it follows immediately that each Fredholm complex is a weak Fredholm 

complex. 

Proposition 2. [J^j, corollary 2.5] If the cohomology of a Hilbert complex (H*,D*) is finite 
dimensional then, for all i, ran(_D i _ 1 ) is closed and H l (H*, D*) = H l (H*, D*). 

Proposition 3 ([S], corollary 2.6). A Hilbert complex (Hj,Dj), j — 0, ...,n is a Fredholm 
complex (weak Fredholm) if and only if its dual complex, (Hj, D* ), is Fredholm (weak Fredholm). 
If it is Fredholm then 

MH^Dj) £* Hi(Hj, Dj) S H n _i(Hj, (£>,•)*) S H n ^(Hj, (Dj)*). (12) 

Analogously in the the weak Fredholm case we have: 

Hi (Hj , Dj ) - Hi(Hj,Dj) = Hn-iiHj, (D,)*) - H n -i(Hj, (£>,)*). (13) 



Proposition 4. A Hilbert complex (Hj,Dj), j = 0, n is a Fredholm complex if and only if 
for each i the operator Aj defined in Mm is a Fredholm operator on its domain endowed with 
the graph norm. 

Proof. See [33], lemma 1 pag 203. □ 

Now we recall another result which shows that it is possible to compute the cohomology 
groups of an Hilbert complex using a core subcomplex 

V°°(Hi) c Hi. 

For all i we define T>°°(Hi) as consisting of all elements r\ that are in the domain of A' for all 
I > 0. 

Proposition 5 ([2], Theorem 2.12). The complex (I? 00 (7? i ), Di) is a subcomplex quasi-isomorphic 
to the complex (Hi,Di) 

As it is well known, riemannian geometry offers a framework in which Hilbert and (some- 
times) Fredholm complexes can be built in a natural way. The rest of this subsection is devoted 
to recall these constructions. 

Let (M,g) be an open and oriented riemannian manifold of dimension m and let Eq, E n be 
vector bundles over M. For each i = 0, n let C^°(M, Bj) be the space of smooth section with 
compact support. If we put on each vector bundle a metric hi i — 0, n the we can construct 
in a natural way a sequences of Hilbert space L 2 (M,Ei), i = 0, ...,n as the completion of 
C%°(M,Ei). Now suppose that we have a complex of differential operators : 

-> C C °°(M, E ) 3 C c °°(Af, Ei) A C c °°(Af, E 2 ) % ... P V C c °°(Af, E n ) -> 0, (14) 

To turn this complex into a Hilbert complex we must specify a closed extension of P* that is 
an operator between L 2 (M,E*) and L 2 (M, E* +1 ) with closed graph which is an extension of 
. We start recalling the two canonical closed extensions of P. 
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Definition 2. The maximal extension P m ax' } this is the operator acting on the domain: 

V{P max<i ) = {u e L 2 (M, Ei) : 3 i] £ L 2 {M,E l+1 ) (15) 

s.t. <u,P.{(>LHM,E,)=<V,(>LHM,E t+1 ) V Ce C%°(M,E i+1 )} 

where P\ is the formal adjoint of Pi . 

In this case P m ax.i^> — V- ^ n other words T>(P max j) is the largest set of forms lu G L 2 (M, Ei) 
such that PiUJ, computed distributionally, is also in L 2 {M,E i+ i). 

Definition 3. The minimal extension P m in,i> this is given by the graph closure of Pi on 
C^(M 1 E i ) respect to the norm of L 2 (M,Ei), that is, 

T>{P m ^,i) - {we L 2 (M,Ei) : 3 {w,-} ieJ C C^(M,E t ), Uj -► u, P iUj ->■ r) e L 2 {M,E l+1 )} 

(16) 

and in this case P m in,i^> = V 

Obviously T>(P m i n j) C T>(P max j). Furthermore, from these definitions, it follows immedi- 
ately that 

Pmin,i(,'D (Pmin.i)) C ^(-fmm.z+l); Pmin.i+1 ° Pmin.i 

and that 

Pfnax ,iv^ *{Pmax .i)) ^- 'D\Pmax,i-\-\ ) 1 ^*maa;,i+l Pmax.i 0- 

Therefore (L 2 (M, E*), Pmax/min.*) are both Hilbert complexes and their cohomology groups, 
respectively reduced cohomology groups, are denoted respectively by H\ roo i/min(^i^*) anc ^ 

Another straightforward but important fact is that the Hilbert complex adjoint of 

(Pmax.i) = Pmin.il {Pmin.i) = P m ax,i- (17) 



(L 2 (M,E,) 

{ L2 { M i E *)iPlnin/max,*)i tnat is 



Using proposition [T] we obtain two weak Kodaira decompositions: 



L 2 (M, Ei) = K bs/rel (M, Ei) © ran{P maxlmm ^ x ) © ran(P min/max i ) (18) 

with summands mutually orthogonal in each case. For the first summand on the right, called 
the absolute or relative Hodge cohomology, we have by (fl0|): 



Kbs/rei(M; E*) = Ker(P max/min ,i) n Ker(P minl7naXti _ x ). (19) 

We can also consider the two natural laplacians associated to these Hilbert complexes, that is 
for each i 

Pabs,i := Pmax.i ° Pmax,i + P m ax,i — 1 Pmax.i— 1 (20) 

and 

Prel.i - = Pmin.i ° Pmin.i + Pmin,i—1 ° Pmin,i—\ (21) 

with domain described in Q. Using (10) and (11) it follows that the nullspace of ( p0| is 
isomorphic to the absolute Hodge cohomology which is in turn isomorphic to the reduced 
cohomology of the Hilbert complex (L 2 (M, E*), P m ax.*)- Analogously, using again (10) and 



(11 1, it follows that the nullspace of (21 ) is isomorphic to the relative Hodge cohomology which 
is in turn isomorphic to the reduced cohomology of the Hilbert complex (L 2 (M, E t ), P m in,*)- 
Finally we recall that we can define other two Hodge cohomology groups K max , min (M ) E t ,) 
defined as 

Wm ax / m i n (M, E*) = Ker(P ma x/min,i) H Ker(P max ^ min i _ 1 ). (22) 
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1.2 Manifolds with conical singularities and differential cone opera- 
tors 

Definition 4. Let M an open manifold. The cone over M, usually labeled G(M), is the 
topological space defined as 

M x [0, oo)/({0} x M). (23) 
The truncated cone, usually labeled C a {M), is defined as 

M x [0, a)/({0} x M). (24) 

Finally with C a {M) we mean 

M x [0, a]/ ({0} x M). (25) 

In both the above cases, with v, we will label the vertex of the cone or the truncated cone, that 
is C(M) - (M x (0,oo)), C a {M) — (M x (0,a)) and C a (M) - (M x (0,a]) respectively. 

Definition 5. A manifold with conical singularities X is a metrizable, locally compact, Haus- 
dorff space such that there exists a sequence of points {pi, ...,p n , ...} C X which satisfies the 
following properties: 

1. M — {pi, ...,p n ,...} is a smooth open manifold. 

2. For each pi there exist an open neighbourhood U Pi , a closed manifold L p . and a map 
4> Pi : U Pi — > C2(L Pi ) such that <fi Pi (pi) — v and <fi Pi \u .-{ Pi } '■ U Pi — {p{\ — > M x (0,2) is 
a diffeomorphism. 

The regular and the singular part of X are defined as 

sing(X) = {p 1 ,...,p n , ...}, reg(X) := X - sing(X) = X - {p t , ...,p n , ...}. 

The singular points pi are usually called conical points and the smooth closed manifold L Pi is 
usually called the link relative to the point pi. If X is compact then it is clear, from the above 
definition, that the sequences of conical points {p\, ...,p n , ...} is made of isolated points and 
therefore on X there are just a finite number of conical points. 

A manifold with conical singularities is a particular case of a compact smoothly stratified pseu- 
domanifold; more precisely it is a compact smoothly stratified pseudomanifold with depth 1 
and with the singular set made of a sequence of isolated points. Since in this paper we will work 
exclusively with compact manifolds with conical singularities we prefer to omit the definition 
of smoothly compact stratified pseudomanifold and the notions related to it and refer to [T] 
for a thorough discussion on this subject. 

Remark 1. Let X be a compact manifold with one conical singularity p and let L p its link; it 
follows from definition^ that we can decompose X as 

where Y is a compact manifold with boundary defined as X — 4> p l (Ci{L p )). Obviously this 
decomposition generalizes in a natural way when X has several conical points. As we will see 
in one of the following sections this decomposition is the starting point to study the heat kernel 
on X and we will use it to calculate the contribution given by the conical points to the Lefschetz 
number of some geometric endomorphisms. 

Now we recall from ilj a particular case, which is suitable for our purpose, of an important 
result which describe a blowup process to resolve the singularities of a compact smoothly 
stratified pseudomanifold. 

Proposition 6. Let X be a compact manifold with conical singularities. The there exists 
a manifold with boundary M and a blow-down map (3 : M — > X which has the following 
properties: 

1. (3\m '■ M — > reg(X), where M is the interior of M, is a diffeomorphsim. 
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2. There is a bijective correspondence between the conical points of X and the (possibly dis- 
connected) boundary hypersurfaces of M which blow down to these conical points through 

P; 

3. If for each conical point pi the relative link L Pi is connected, then there is a bijection 
between the conical points of X and the connected components of dM. 

Proof. See pQ, proposition 2.5. □ 

Now we introduce a class of natural riemannian metrics on these spaces. 

Definition 6. Let X be a manifold with conical singularities. A conic metric g on reg(X) 
is riemannian metric with the following property: for each conical point p t there exists a map 
(j> Pi , as defined in definition^ such that 

(^!ngK)=dr 2 +r 2 h Lpt (r) (26) 

where hi, Pi {r) depends smoothly on r up to and for each fixed r £ [0, 1) it is a riemannian 
metric on L p . . Analogously, if M is manifold with boundary and M is its interior part, then g 
is a conic metric on M if it is a smooth, symmetric section ofT*M®T*M, degenerate over 



the boundary, such that over a collar neighborhood U of dM , g satisfies (26 I with respect to 
some diffeomorphism <j) : U — > [0, 1) x dM. 

The next step is to recall the notion of differential cone operator and its main properties. 
Before to proceed we introduce some notations that we will use steadily through the paper. 
Given an open manifold M and two vector bundles E, F over it, with Diff ra (M, E,F),n £ N, 
we will label the space of differential operator P : C^°(M, E) — > C^°(M, F) of order n. Given 
M, a manifold with boundary, we will label with N the boundary of M and with M the interior 
part of M. Given a vector bundle E over M, with En we mean the restriction of E on N. 
Finally each metric p over E (riemannian if E is real or hermitian if E is complex) is assumed 
to be a non degenerate metric up to the boundary. The next definition is taken from [26 : 

Definition 7. Let M be a manifold with boundary N = dM. Let E,F be two vector bundles 
on M. Let Un be a collar neighborhood of N, Un — [0, e) x N and let Un = Un — N. 
A differential cone operator of order p £ N and weight v > is a differential operator P : 
C™(M,E) -> C%°(M,F) such that on U N it takes the form: 

i=0 

where A k £ C°°([0, e), Diff" - *)^, F N )) and x is a boundary defining function. As in j26\j we 
will label with Diff^^Af, E, F) the space of differential cone operators between the bundles E 
and F. 

Now we explain what we mean by differential cone operator on a manifold X with conical 
singularities. In the previous definition we recalled the notion of differential cone operator 
acting on the smooth sections with compact support of two vector bundles E, F defined on 
a manifold M with boundary. In proposition km given a manifold with conical singularities 
X, we stated the existence of a manifold with boundary M endowed with a blow down map 
(3 : M — > X which desingularize X. Therefore given two vector bundles E,F on reg(X) and 
P £ DiS(reg(X),E,F) we will say that P is a differential cone operators if the following 
properties are satisfied: 

1. j3* (E) , /3* (F) that are vector bundles on M, the interior of M, extend as smooth vector 
bundles over the whole M. In the same way, if E and F are endowed with metrics p\ 
and pi then (3* pi and /3*p2 extend as non degenerate metric up to the boundary of M. 

2. The differential operator induced by P through (3 between C^°(M, (i*E, /3*F) is a differ- 
ential cone operator in the sense of definition [7] 

In the rest of the paper, with a slight abuse of notation, we will identify M with reg(X), E with 
P*E, F with 0* F and P with the operator that it induces through p between C^°(M, P*E, P*F). 
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Remark 2. We can reformulate definition^in the following way: P is differential cone opera- 
tor of order \i and weight v if and only if x v P is a b— differential operator of order \i in the sense 
of Melrose. For the definition of b— operator and the full development of this subject we refer 
to the monograph 1271. Using this approach we have Diffg ,ly (M, E, F) — x~ v Diff^(Af, E, F). 
This last point of view is used for example in \17\j . 

Now we introduce the notion of ellipticity: 

Definition 8. Let M be a manifold with boundary and let E, F be two vector bundles over M . 
Let P G Di&q' u (M , E, F) and let a^{P) its principal symbol. Then P is called elliptic if it is 
elliptic on M in the usual sense and if 

x v o-»{P){x,p,x- l T,£) (28) 

is invertible for (x,p) G [0, e) x N and (r,£) G T*M~- {0}. 

fn the above definition there is implicit the natural identification of T*M|[o ie )xJV with 
R x T*N. 

Definition 9. Let M,E,F and P be as in the previous definition. The conormal symbol of 
P, as defined in \2blj . is the family of differential operators, acting between C°°(N, En, Fn), 
defined as 

a^f(P)(z):=J2M0> k (29) 

Now we make some further comments about the notion of ellipticity introduced in definition 
[8] The requirement ( 28 ) in definition [8] means that 



£ ^- fe (A fc (x))(O f r fc ((~^) fc )(^ x- l r) = it ^- k (A k (x))(0(-ir) k 

k=0 k=0 

is invertible. On M this is covered by classical ellipticity and for x = it is equivalent to require 



that ( 29 ) is a parameter dependent elliptic family of differential operators with parameters in 



Using again the b framework of Melrose, definition [8] is equivalent to say that the b— principal 
symbol of P' := x v P, that is a^(P') :— a ll (P')(x,p,x~ 1 T,£ y ), as an object lying in 
C 00 (T*M,Hom(7r*i? 1 _7rJF)), where Tr b : T*M -> RI is the 6-cotangent bundle of M, is an 
isomorphism on T b *Af — {0}. For further details on these approach see [T7] and the relative 
bibliography. 

Finally we remark that in definition [8] we followed and [T7] . This is slightly different from 
those given, for example, in [33], [50] and [33]. The definition given in these papers, in fact, 
requires the invertibility of the conormal symbol on a certain weight line (for more details see 
the above papers). By the fact that we are interested to study the operators on their natural 
domains, that is the maximal and the minimal one, we can waive this requirement (see |26] 
pag. 13 for more comments about this). 



Finally we conclude this subsection stating an important proposition on the theory of 
differential cone operators: 

Theorem 1. Let (M,g) be a compact and oriented manifold of dimension m with boundary 
where g is a conic metric over M ; let E, F be two hermitian vector bundles over M and let 
P G Di5q^(M, E, F) be an elliptic differential cone operator. 

1. Each closed extension P : L 2 (M,E) -> L 2 (M,F) of P is a Fredholm operator on its 
domain, T>(P), endowed with the graph norm. 

2. If E = F and P is positive then, for each positive self-adjoint extension P of P, the heat 
operator e~ tp : L 2 (M,E) — > L 2 (M,E) is a trace-class operator. Moreover P is discrete 
and the sequences of eigenvalues of P satisfies Xj ~ Cjm . 

Proof. For the first statement see [5B] prop. 1.3.16 or [T7] prop. 3.14. For the second one see 
[2"6] theorem 2.4.1 and corollary 2.4.3. □ 
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1.3 Elliptic complex on manifolds with conical singularities 

The aim of this subsection is to define the notion of elliptic complex on a manifold with conical 
singularities. As for the notion of ellipticity, the definition of elliptic complex on a manifold with 
conical singularities was introduced in [3"3~] , pag. 205, but our definition is slightly different 
because we waive some requirements about the sequence of conormal symbols on a certain 
weight line. The reason is still given by the fact that we are interested on the minimal and 
maximal extension of a complex differential cone operators. 

Let M be a manifold with boundary, Eq, E n a sequence of vector bundle over M and consider 
Pi £ Dig%' u (M,E i ,E i+1 ) such that 

-> C C °°(A/, E ) ^ C c °°(Af, Ei) A ... *V C C °°(M, E n ) ^ (30) 
is a complex. We have the following definition: 



Definition 10. The complex (30) is an elliptic complex if it is an elliptic complex in the usual 
sense on M and if the sequence 

-> tt*E q -> 7T* Ei -> ... -> tt*£;„ -> (31) 

where the maps are given by x v a^{Pi){x,p, x t, £) : n*Ei — > 7r* +1 -Ei+i is an exact sequence 
up to x — ewer T* M — {0}. 

With the help of Melrose's b framework we can reformulate the previous definition in the 
following way: (30) is an elliptic complex if and only if the following sequence is exact over 
T b *(M)-{0}: 

0— >n b E — > n b Ei — > ... — > n b E n — > {62,) 

where P' = x v P, that is the b— operator naturally associated to P, irt, : T b *M — > M is the 
6— cotangent bundle and cr^(P/) G C°°(M, Hom(7r^i?,j, 7r^i? i+1 )) is the 6— principal symbol of 

PI- 

We have the following proposition: 



Proposition 7. Consider a complex of differential cone operators as in ( 30 1 . Suppose moreover 
that M is endowed with a conic metric g. Then the complex is an elliptic complex if and only 
if for each i — 0, n 

Pi o Pi + P^ o P*_ x : C C °°(M, Ek) ->■ C C °°(M, ^) 
is an elliptic differential cone operator. 

Proof. It is clear that if P € Diff^(M, E it E i+l ) then also P* e DifF^' 1/ (M ! JSj) where 
P t : C^°(M, E i+ i) — > C^°(M, E^ is the formal adjoint of P. Now, as in the previous comment, 
let P[ — x v P be the b— operator that is naturally associated to P. It is well known that 
<{Pl+i ° P[) = <(Pl+i) ° <(^0 and that <((P/)*) = (<(P/)) 4 . The proof follows now by 
standard arguments of linear algebra, in complete analogy with the case of an elliptic complex 
on a closed manifold. □ 

From the above proposition it follows the following useful corollary: 

Corollary 1. In the same hypothesis of the previous proposition. The Hilbert complexes 
(L 2 (M, Est), Pmax/min,*) ar ^ both Fredholm complexes. Moreover each Hilbert complex that 
extends (L 2 (M, £?*), P m in,*) an d that is extended by (L 2 (M, E*), P max *) is still an Fredholm 
complex. 

Proof. From theorem [l] it follows that P t min ^oP max ^P max ^ioP t mm i _ l and Pmax, l oP min,i + 
Pmin,i-i ° Pmax i-i are both Fredholm operators on their natural domain endowed with the 
graph norm. Now the statement follows from prop. [4] □ 

We remark the fact that we gave the definition of an elliptic complex of differential cone 
operators on a manifold with boundary M. Following the remark after definition [7] the notion 
of elliptic complex of differential cone operators is naturally extended on a manifold X with 
conical singularities. 
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1.4 A brief reminder on the heat kernel 

The aim of this subsection is to recall briefly the main local properties of the heat kernel on 
an open and oriented riemannian manifold (M,g). 

Let (M, g) be an open and oriented riemannian manifold, E a vector bundle over M, Pq : 
C^°(M,E) -> C%°(M,E) a non-negative symmetric differential operator and P : V{P) C 
L 2 {M,E) — > L 2 (M,E) a non-negative, self-adjoint extension of Po- It is well know that, using 
the spectral theorem for unbounded self-adjoint operators and its associated functional calculus 
(see [IB], chap. XXII), it is possible to construct the operator e~ tp . The next result we are 
going to recall summarizes the main local properties of e~ tp that we will use in the rest of the 
paper. We start with the following definitions: 

Definition 11. A cut-off function is a smooth function rj : [0,oo) — ¥ [0,1] which admits a 
e > such that rj{x) = 1 for x < § and rj — for x > e. 

Definition 12. Let M be an open manifold, E a vector bundle over M and Pq : C^°(M,E) — > 
C£° (M, E) a differential operator of second order. Then Pq is a generalized Laplacian if its 
principal symbol satisfies: 

* 2 (p Q )(x,o = M\\ 2 - 

An operator of this type is clearly elliptic. We refer to [5] for a comprehensive discussion 
on this class of operators. 

Theorem 2. Let (M,g) be an open and oriented riemannian manifold, E a vector bundle 
over M , Pq : C^°(M, E) — > C^°(M, E) a non-negative symmetric differential operator of order 
d and P : T>[P) C L 2 (M,E) L 2 (M,E) a non-negative, self-adjoint extension of P. Then 
e~ tp satisfies the following properties: 

• e~ tp has a C°° — kernel, that is usually labeled e~ tp (s,q) or kp(t, s,q), which lies in 
C°°((0,oo) x M x M,EME*). 

• If K\ , K 2 are compact subset of M such that K\ l~l K 2 = then 

IIMM^Hc^x^ekie.) = 0(t n ), t^O 

for all k,n £ N. 

• Let (j>, x £ C^°(M); then the operator <fie~ tP x is a trace-class operator and we have, on 
C l {K x x K 2 ,EME*\ KlxK2 ) for each I £ N, 

OO 

(^e- tP X ){q,q) ~t-y ^(?)x(?)*n(?)* Jt?B 

n=Q 

and 

00 „ 

Tr((0e- tp X )(q, q)) ~t^o V( / 4>(q)x(q) H^{q))dvol g )t^ 

where q £ M, {$!,...,$„,...,} is a suitable sequence of sections in C°°(M, End(E)), 
K\ = supp{4>) and K 2 = supp(x)- 

Finally if Pq is a generalized Laplacian then the last property above modifies in the following 
way: 

• Let <fi, x € C£°(M); then the operator <fie~ tP x is a trace-class operator and we have 

00 

4>(s)e- tP (s, q)x(q) ~t-M) h(s, q) 4>{s)x(l)^n(s, q)t n 

where (s,q) £ M x M, {$!,...,$„,...,} is a suitable sequence of sections in C°°(M x 

M,E®E*) andh t {s,q) = (47rt)^e~ v (d(s,q) 2 ) with rj a cut-off function. As in the 
previous case the above expansion holds in C (K± x K 2 , E M E*\k 1 xk 2 ) f or each I £ N, 
where K\ = supp((f>) and K 2 = supp(x). 
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Proof. For the first three properties we refer to [26], theorem 1.1.18. As explained there these 
properties are proved globally, for example in |19j . when M is a closed manifold. A careful 
examination of those proofs shows that the same properties remain true locally when M is an 
open manifold. The same argumentation applies to the last property which is proved globally, 
on a closed manifold, in [5] prop. 2.46 or in [35] theorem 7.15. □ 

The rest of the subsection is a brief reminder about the heat kernel of a differential cone 

ferator. For more details and for the proof we refer to [25]. As already recalled in theorem 
ve know that, if M is a compact and oriented manifold with boundary, M its interior part, 
Pq G Diffo(M, E; E) is a positive operator and g is a conic metric over M, then for each positive 
self-adjoint extension P of P , e~ tp : L 2 (M,g) — > L 2 (M,g) is a trace-class operator. Now we 
want to recall an important property named scaling property. Before doing this we need to 
introduce some notations: 

Let iV be a compact manifold; consider C(N) and endow it with a product metric g = dr 2 + h 
where h is a riemannian metric over N. Finally let E be a vector bundle over reg(C(N)). 
Define U t : L 2 (reg(C(N)), E) -> L 2 (reg(C(N)), E) as s(r,p) ^ th(tr,p). It is immediate to 
show that U t : L 2 (reg(C(N)), E) -t L 2 (reg(C(N)), E) is an isometry and that U tl oU t . 2 = U tl t 2 - 

Proposition 8. Let N be a compact manifold, E a vector bundle over reg(C(N)) 7 let Pq G 
D'i&q (r eg (C(N)), E, E) be a symmetric differential cone operator and let P be a self-adjoint 
extension of Pq. Endow reg(C{N)) with a product metric g, that is g = dr 2 + h where h is a 
riemannian metric over N . Finally let P t = t u U t PUf and let f : K — » K a function such that 
f(P) has a measurable kernel. Then for each A > 

f(P)(r,p,s,q) = jf(\-»P x )(j,p,j,q), A>0 (33) 

As particular case, given Pq G Di£o(reg(C(N)), E, E) positive and P a positive self-adjoint 
extension then 



tp (r,p,r,q) = -e- tr '" p ^l,p,l,q) (34) 



r 



Proof. See [33] lemma 2.2.3. □ 

Now we modify the above proposition for the heat operator in the case that g is a conic 
metric over M. As we will see, we are interested to the study of the L 2 — Lefschetz numbers 
where the L 2 space are built using a conic metric. The reason is that when the considered 
complex is the L 2 de Rham complex (built using a conic metric) then its L 2 — cohomology has 
a topological meaning. More precisely, as showed by Cheeger in [14] . we have the following 
theorem: 

Theorem 3. Let (F, h) be a compact and oriented riemannian manifold of dimension f. Con- 
sider the cone C^F) with b a positive real number and endow Cb(F) with the conic metric 
g = dr 2 + r 2 h. Then 

Hi,maAC b {F),9) = { q 1{F) ->f + j (35) 

If X is a compact and oriented manifold with conical singularities and if g is a conic metric 
over reg(X) then 

Hl max {reg{X),g) = I^W{X), H* tmin (reg{X),g) Si I^H\X). (36) 
Proof. See QJ]. □ 
For the definition and the main properties of intersection cohomology we refer to |20| and 

M 

Lemma 1. Let N be a compact manifold of dimension n, E a vector bundle over reg(C{N)), 
let Pq G DiffQ' I/ (reg(C(iV)), E, E) be a positive differential cone operator and let P be a positive 
self-adjoint extension of Pq. Endow reg(C{N)) with a conic metric g, that is g = dr 2 + r 2 h 
where h is a riemannian metric over N . Then for each A > 

e- iP (r,p, S ,q) = ^e- tx -"^(j,p,j,q), A>0 (37) 
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In particular we have 

e- tp (r,p,r,q) = ^e~ tX ~" p ^{l,p, 1, q), A > 0. (38) 

Proof. The proof is completely analogous to the proof of proposition [5J We have just to add 
the natural modifications caused by the fact that now the Hilbert space L 2 (reg(C(N)),E) is 
built using the conic metric g = dr 2 + r 2 h and this means that given 7 G L 2 (reg(C(N)), E) we 
have \\l\\Li(reg{c(N)),E) = I re g(c(N)) \h\\r n drdvol h where ||7|| is the pointwise norm induced by 
the metric on E (which is a riemannian metric if E is a real vector bundle and is a Hermitian 
metric if E is complex.). This implies that now the isometry Ut, introduced above proposition 
§ is defined as U t : L 2 (reg(C(N)), E) -> L 2 (reg(C(N)), E), U t (i) = t^~f(tr,p). The proof 
follows now in completely analogy the that one of proposition [8] . Moreover, in the case that 
P is a positive self-adjoint extension of Aj : fl l c (reg(C(N))) — > Q t c (reg(C(N))), the Laplacian 
constructed using a conic metric and acting on the space of smooth i— forms with compact 
support, the proof is given in [T5], pag. 582. □ 

Finally we conclude the section with the following proposition; before to state it we intro- 
duce some notations. Given Agiwe define 

P + (A):=|A+i|and 



»-« : ={a a -7' \xr<l (39) 

Moreover we recall that I a (x) is the modified Bessel function of order a. For the definition see 
[26] pag. 67. 

Proposition 9. Let {N, h) be a compact and oriented riemannian manifold of dimension 
n. Consider C(N) and let E be a vector bundle over reg(C(N)) endowed with a metric p 
(hermitian if it is complex o riemannian if it is real). Suppose that E admits an extension 
over all [0, 00) x N that we denote E. Let En — E\n and suppose that (E,p) is isometric to 
it*(En, p\n) where ir : (0, 00) x N — » N is the natural projection. Finally let P : C£°(E) — > 
C^°(E) be an elliptic differential cone operator of order one. Then: 

1. On L 2 {reg(C2(N)),E) built with the product metric g p = dr 2 + h, if P satisfies P = 
-7^ + ^S, where S € Diff 1 (N, En) is elliptic, we have 



>(r,p,s,q)= J2 ^( rs ) 5 V(A)(^r)e ^$x{p,q) (40) 



- 2i v ' " v/vv 2£' 

AGspcc S 



UtbU 

e- tp "*'»°- p "»"(r,p J a,g)= J2 Yt ( rs ) 5 V(A)(^)e ^^x(p,q) 

AfEspcc S 

where Q\(p,q) is the smooth kernel of $a : L 2 (N , En) ~ > V\, the orthogonal projection 
on the eigenspace V\. 

2. On L 2 (reg(C2{N)), E) built with the conic metric g c — dr 2 + r 2 h, if P satisfies 
P = ^ + + ^S, where S £ Diff 1 (N, En) is elliptic, we have 



and 

e 



2V ' p '^"2f 

AGspcc S 



tP ^° P ™*(r,p,s,q) = J2 h^^h-wQy-^^q) 



2t y ' p ^' K 2t' 

AtEspcc S 



where $>\(p,q) is the smooth kernel of $a : L 2 (N, En) V\ , the orthogonal projection 
on the eigenspace V\. 
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Proof. The first assertion is proved in [26], see proposition 2.3.11 and pag. 68. The second 
statement follows using the following argument. Only for the remaining part of this proof let us 
label L 2 (reg(C 2 (N)) , E , g p ) the I? space of sections built using the product metric g p = dr 2 + h 
and L 2 (reg(C2(N)) , E , g c ) the L 2 space of sections built using the conic metric g c = dr 2 +r 2 h. 
The measure induced by g p is drdvolh while the measure induce by g c is r n drdvolh- Therefore 
it is clear that the map r : L 2 (reg(C(N)), E, g c ) -> L 2 (reg(C 2 (N)), E, g p ), t(j) = r^7 is an 
isometry with inverse given by t _1 (7) = r~s~7 . A simple calculation shows that P := r^'oPor 
satisfies P = + ^S. Therefore P^ax ° P-min — r ^ PLax ° Pminf^ and this implies that 

Therefore if we call k(t,r,p, s,q) the heat kernel relative to e~ tp ™ a * oPmin and analogously 
k(t, r,p, s, q) the heat kernel relative to e~ tPm » a = oP ""' 1 we have, for each 7 £ L 2 (reg(C2(N)), E, g p ) 

/ k(t,r,p, s, q)~f(s)dsdvolh = / r" 2 " k(t,r,p, s, q)s~ j(s)s n dsdvolh 

Jreg(C 2 (N)) ' Jreg(C 2 (N)) 



and therefore k(t, r,p, s,q) — r 2 k(t,r,p, s,q)s 2 . Finally, applying this last equality to (40 ), we 
get (41 ). For the heat kernel of e - * Pmi " oP ™<" the proof is completely analogous to the previous 



one. □ 



2 Geometric endomorphisms 

The goal of this section is to introduce and study the notion of geometric endomorphism 
of an elliptic complex of differential cone operators. 

Let X be a compact manifold with conical singularities and let M be its regular part that, as 
explained after definition [7J we identify with the interior part of M the manifold with boundary 
which desingularizes X, see prop. [6| Finally consider an elliptic complex of differential cone 
operators as described in definition [TO} 

-> C C °°(M, E Q ) ^ C C °°(M, Si) 4 ... P V C C °°(M, E n ) % (42) 



Definition 13. A geometric endomorphism T of (42 1 is given by a n— tuple of maps 
T = (Ti, ...,T„) constructed in the following way: there exists a smooth map f : M M and 
a n— tuples of morphisms of bundles 4>i : f*E^ — > Ei such that the following properties hold: 

1. f : M — > M is a diffeomorphism. 

2. If {N\, Nk} are the connected components of dM then f(Ni) = Ni for each i = 1, k. 

3. T l — <\> i o f* where f* acts naturally between C°°(M,E) and C°°(M, f*E). 

4. Pi oTi = T l+ i o Pi. 

We make a little comment on the above definition. The second and the third property are 
exactly the definition of geometric endomorphism of an elliptic complex over a closed manifold 
given in [5] . However our definition is not a complete extension of that one given by Atiyah and 
Bott in The reason is that in the closed case any smooth map is allowed. For our purposes 
we need that Ti induce a bounded map from L 2 (M, Ei) to itself and clearly this prevents us to 
allow every smooth map in definition |13[ As we will see in the following lemma, the property 
that / : M — > M is a diffeomorphism is a reasonable sufficient condition in order to get a 
bounded extension of Tj on L 2 (M, Ei). 

Lemma 2. In the same hypothesis of the above definition the endomorphism T satisfies that 
the following properties: 

1. For each i and for each i/j £ C™(M, E % ) we have T,(ip) £ Cf{M, Ei). 

2. For each i Ti extends as a bounded operator from L 2 (M,Ei) to itself; with a small abuse 
of notation, we denote this again by Ti . 
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3. LetT* : L 2 (M, Ei) -» L 2 (M, E t ) be the adjoint ofT,. Then for each ip G C£° (M, Ei) we 
have T*{il>) G C c °°(Af, £,). 

Proof. The first two properties follow immediately by the fact that / : M — > M is a diffeo- 
morphism and that M is compact. For the third properties, we observe first of all that Tj 
admits an adjoint because it is densely defined and that P* is bounded and defined over the 
whole L 2 (M,Ei) because p is bounded. Now consider the bundle f*E. The metric over E 
induces in a natural way through / a metric over f*E. Therefore it make sense consider the 
bundle homomorphism </>* : E — » /* E defined in each fiber as the adjoint of cf>. Now consider 
the pull-back under / of the volume form dvol g . Then there exists a smooth function r such 
that rdvolg — f*dvol g and r > if / preserves the orientation of M, t < if / reverses the 
orientation of M. Finally define S : C^{M,E. t ) -> C™(M,Ei) as 

g ( t((/>* o (/ -1 )*)(V0 if / preserves the orientation . . 

' 1 — T {4>i ° if / reserves the orientation 

It is immediate to check that for each tpi^2 € C^°(M, Ei) we have 

< Ti(lpx),%l) 2 >L2(M,E l )=< i>l,Si(t/}2) >L*(M,E i ) ■ 

Therefore, over (M, Ei) , T* coincides with S and so from this the third property follows 
immediately. □ 

Now we state the following property : 

Proposition 10. Let M be an open and oriented riemannian manifold and let g be an in- 
complete riemannian metric on M . Let Eq, E n be a sequence of vector bundles over M and 
consider a complex of differential operators: 

-> C c °°(Af, E ) ^ C C °°(M, Ei) A ... *V C~(M, E n ) ^ (44) 



Let T be an endomorphism of (44 1 that satisfies the second, the third and the fourth property 
of definition 13 Then we have the following properties: 

1. For each i — 0, ...,n, for each s G P(-P m in,i) we have Pj(s) G P(P m m,i) and P m in,i °Ti — 

Pi-j-l O Pmin,i- 

2. For each i = 0, ...,n, for each s G T>(P ma x,i) we have Pj(s) G V(P max ^) and P m ax,i°Ti = 

pE+1 ° Pmax,i- 

Proof. Let i G {0, ...,n} and let s G P(Pmm.i)- Then there exists a sequence {5 7 } 7 gN such that 



Sj — > s in L 2 (M,Ei) and Pj(sj) -> Pi(s) in L 2 (M,E i+ i). Using definition 



44 



we know that 



{Ti(sj)}j<zfi is a sequence of smooth sections with compact support contained in C™(M, Ei) 
Bj) -> P(s) in L 2 (M, Ei) and T i+1 (P i (s i ) 



such that Ti(sj) -> T,(s) in L 2 (M, Ei) and T.+^P^sj)) -> T m (P(s)) in L 2 (M,E t+1 ). But 



T i+1 (Pi(sj)) — Pi(Ti(sj)). Therefore Pi(Ti(sj)) converges in L 2 (M, E i+1 ) and this implies that 
Ti(s) G T>(Pmin,i) and that P m i n ,i °Ti = Pj+i o P m i n ^. 

Now we give the proof of the second statement. From the first part of the proof it follows that, 
if we look at T i+ i o P m ,„ P m in,i ° Pi as unbounded operator with domain T>(P min i) then 
P+i ° Pmm,i = Pmin.i ° ?i and therefore (P, + i o P TO j„,j)* = (P m j n ,i Pi)*- Moreover, by the 
fact that Ti+i is bounded, it follows that (Pj+i o P m i rh i)* = -P^ in 4 o Pj* +1 with domain given 
by (^rH^mm,*))- Now let a G 0(P max> i) and let G Cf(M, Then 

< Ti( S ),Pt((f>) > L *(M,E i )=< S,T*{P*(<P)) > L 2 iM>Ei) =< S, (P m in,i ° Ti)*{4>) >L*(M,E i ) = 

=< s,P; nm ^T* +i m >L*{M,E i )= (because Pf +1 (^) G C£°(M, 

= < S,P^ aXti {T* +1 (4>)) > L *(M,Ei)=< P max,i(s),(T* +1 ((f>)) >L^M,E Z ) 
=< T l+ i(P maXtl (s))i4> >L 2 (M.Ei) ■ 

So we can conclude that Ti(s) G V(P max ^) and that T i+1 o P max ,i = Pmax,i ° Pi- □ 
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In the rest of this section we describe the notion of non degeneracy condition for a fixed 
point of a map / : X X. As we will see, over the regular part of X, this is the same of the 
one used in [2]. 

Let X be a compact manifold with conical singularities and let / : X — > X a continuous map 
such that f(sing(X)) C sing(X), f(reg(X)) C reg(X) and f\ re g(x) is a smooth map. Define 

Fix(f) :={p£X: f(p) = p} (45) 

Definition 14. A point p £ reg(X) n Fix(f) is said to be simple if det(Id — d p f) ^ 0. 

Obviously this definition make sense because, being p a fixed point, it follows that d p f is 



an endomorphism of T p (reg(X)). Moreover it is easy to show that definition 14 is equivalent 
to require that, on reg(X) x reg(X), Q{f) meets transversely A reg ( X ) on (p,p)7~where Q{f) is 
the graph of f\ re g(x) an d ^reg(x) is the diagonal of reg(X) . In this way we get the following 
useful corollary: 

Corollary 2. Each simple fixed point in reg(X) n Fix(f) is an isolated fixed point. 

Now, following [53], [3U] but with little modifications, we recall what is a simple fixed point 
p £ Fix(f ) n sing(X). As we said above, we assumed that f(sing(Xj) C sing(X) and that 
f(reg(X)) C reg(X). Therefore if q £ sing(X) n Fix(f) is a fixed conical point it follows that, 
on a neighborhood £/ g = Ci{L q } of g, / takes the form: 

f(r,p) = (rA{r,p),B(r,p)) (46) 
We make the additional assumption that A(r, p) and B(r,p) are smooth up to zero, that is 

A(r,p): [0,2) xL,-> [0,2) 
is smooth up to and analogously 

BM:[0,2)xL 5 ^L, 

is smooth up to 0. Moreover, by the fact that f(sing(X)) C sing(X) and that f(reg(X)) C 
re<7(A) it follows that A(r, p ) ^ for r > 0. Obviously if our starting point is a diffeomorphism 



/ : M — > M as in definition 13 then these requirements are automatically satisfied. 



Definition 15. A point q € Fix(f) D sing(X) is a simple fixed point if at least one of the 
two following conditions is satisfied: 

1. For each p £ L q lim r _j.o A(r,p) ^ 1. 

2. There exists e > such that, for each fixed r £ [0, e), B(r, .) : L q — > L q satisfies B{r,p) ^ 



Obviously in the first requirement the limit exists because in (46) we required that A(r,p) 
is smooth up to 0. A natural question follows from definition |15| what is the meaning of 
these requirements? The answer is that if / satisfies one of the two requirements above then 
a sequence of fixed point converging to q cannot exists and therefore q is an isolated fixed 
point. We can show this last properties in the following way: suppose that {(i"j,Pj)} is a 
sequence of fixed point of / contained in U q = C2{L q ). Then {pj} is a sequence of point 
in L q which is compact and therefore there exists a subsequence, that with a little abuse of 
notations we still label {pj}, such that pj converges to some p £ L q . By the assumptions, 
for each j, (rj,pj) = (rjA(rj,pj),B(rj,Pj)). Therefore A(rj,Pj) = 1 = Um^oo A(rj,p) and 
B(rj,pj) — pj and this implies that / does not satisfies both the properties of definition 

So we can state the following useful corollary: 

Corollary 3. Let X be a compact manifold with conical singularities and let f : X — > X a map 
such that f(sing(X)) C sing(X), f(reg(X)) C reg(X), f\ reg (x) '■ re g(X) — > reg(X) is smooth 
and, on a neighborhood of a conical point, A(r,p) and B(r,p) are smooth up to 0. Then, if f 
has only simple fixed point, Fix(f) is made of a finite number of points. 
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Proof. If / has only simple fixed points then we already know that each of this fixed points 
is an isolated fixed point and this implies that Fix(f) is a sequence without accumulation 
points. Therefore, by the compactness of X, it follows that Fix(f) is made of a finite number 
of points. □ 

Now we state the following definition: 

Definition 16. Let f be as in the previous corollary. Let q £ Fix(f) f~l sing(X) a simple fixed 



point for f such that f satisfies the first requirement of definition 15 Then if for each p £ L q 



]imA(r,p)<l (47) 

r— >-0 



q is called attractive simple fixed point while if 

limA(r,p)>l (48) 

r— >-0 

then q is called repulsive simple fixed point. 

Clearly if for each q £ sing(X) the relative link L q is connected then each simple fixed 
point q £ sing(X) is necessarily attractive or repulsive. 

Finally we conclude the section observing that in [22], pag- 384, Goresky and MacPherson 



introduced the notion of contracting fixed point. An elementary check shows that (47 1 is 
equivalent to the definition given by Goresky and MacPherson. 

3 L 2 — Lefschetz numbers of a geometric endomorphism 

Let X be a compact manifold with conical singularities of dimension m+1. Consider an elliptic 
complex of cone differential operators as defined in definition |10| 

-> C* C °°(M, E ) ^ C C °°(M, Ei) 4 ... P V C~(M, E n ) % (49) 



where Pi £ Diffg'^M, Ei, -Ej+i) and let T = <fi o f be a geometric endomorphism of (49 1 as in 



definition 13 Obviously, with a small abuse of notation, we are using the same notation for 
the diffeomorphism / : M — > M and for the isomorphism that it induces on X. Clearly the 
isomorphism / : X — > X satisfies 

!■ f\reg(x) '■ re <?(X) — > reg(X) is a diffeomorphism 
2. For each p £ sing(X) we have f(p) = p 



3. A(r,p) and B{r,p) (see (46)) are smooth up to 



Using corollary fll we know that both the complexes (L 2 (M, Ei), P ma x/min.i) ar e Fredholm com- 
plexes, that is the cohomology groups H\ max/mm^' are nn ^ e dimensional. 
Moreover by proposition 10 we know that T is a morphism of both complexes (L 2 (M, Ei), P m ax/min,i)- 



Therefore, for each i = 0, n, it induces an endomorphism 

T* : Hl max {M,Ei) -> H\ max (M, E t ) and analogously T* : H* >min (M,Ei) -> H^ min {M , E % ) . 
So we are in position to give the following definition: 

Definition 17. The L 2 — Lefschetz numbers ofT are defined in the following way: 

n 

L 2 ,max{T) = £(-l)*tr(27 : H\ tmax {M,E^ Hl max (M,E t )) (50) 

i=0 

and analogously 

n 

L 2 , mm (T) = £(-!)« tr(3? : ^, mm (M,^) ^ U'{M, E t )) (51) 
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The L 2 ~ Lefschetz numbers satisfy the following property: 



Proposition 11. L2, m ax/min{T) do not depend on the conic metric g and on the metrics 
Po, . . . , p n that we fix on Eq, .... E n 

Proof. By the fact that M is compact and that, as explained above definition [jj (Ei,pi) are 
defined over all M and pi is non degenerate up to the boundary, it follows that all the metrics 
we consider on Ei are quasi-isometric. Moreover, using [3] proposition 9, it follows that if g 
and g' are two conic metric over M then they are quasi-isometric, that is there exists a positive 
real number c such that g' < g < <?'. Therefore, for each i = 0, .., n, L 2 (M, Ei) doesn't depend 
from the metric that we fix on Ei and from the conic metric that we fix over M. This in turn 
implies that same conclusion holds for H\ max {M, Ei) and for H\ min (M, Ei), that is they do 
not depend from the metric that we fix on Ei and from the conic metric that we fix over M. 
In this way we can conclude that also the traces of T* : H\ max (M,E*) — > H\ max (M,E :t ) 
and T* : H\ min (M, E*) — > H2 min (M, E*) satisfy the same property and so the proposition is 
proved. □ 

Consider, for each i = 0, ...,n, the operator 

Vi := PtoPi + PioPt : C C °°(M, Ei) -»■ C C °°(M, E % ). 

It is clearly a positive operator. As stated in proposition [7J we know that Vi is an elliptic 
differential cone operator. Therefore, by theorem [T] we know that for each positive self-adjoint 
extension of Vi, the relative heat operator is a trace-class operator. In particular this is true 
for V abSyi that we recall it is defined as P^m.i ° P max,i + Pmax,i-i ° P min,i-i and for p rei,i 
that it is defined as Pla ax j ° Pmin.i + Pmin,i-i Pfnax i-v A well known and basic result of 
operators theory (see [35], prop. 8.8) says that, given an Hilbert space H, the space of trace- 
class operators is a two sided ideal of B(H), the space of bounded operators of H, and that the 
trace doesn't depend on the order of composition. In this way we know that for each i = 0, n 

TiQe -tv abs/rcl , . L *(M,Ei) -> L 2 (M, Ei) 

are trace-class operator and that Tr(T^ o e - tv ab S / rc i,i j — r j r (e _i " p ° ! ' s / re, ' < o Moreover it is 

clear that T{ o e ~ tVabs f T ' sl ' i are operators with smooth kernel given by 

& o k abs .,(tj(x),y) for T t o e ' tv ^- (52) 

and analogously 

fa o k rel ,i(t, f{x),y) for T t o e -^, (53) 

where k abs / re i i(t,x,y) are respectively the smooth kernel of e~ tPabs i r ' l ' i . In both the ex- 
pressions above fa acts on the x variable of k abs / re i i(t, f(x),y) because k abs / re i ti (t, f(x),y) 
is a section of f*Ei IEI E* and fa : f*Ei — > Ei is a morphism of bundle. So the kernels 
fa ° k abs / re i i(t, f(x),y) are well defined and they are smooth sections of E M E* . 
Now we are in position to state the following theorem which is one of the main results of this 
section: 



Theorem 4. Consider an elliptic complex of differential cone operators as in (49) and let T 
be a geometric endomorphism as in definition\13\ Then 



J 2,max 



(T) = }_^(-iyTv(T. l e (54) 



and analogously 

n 

L 2 , mi n(T) = V(-ir Tr^e-^M ) (55) 



i=0 



In particular, in both the equalities, the member on the right hand side does not depend on t. 



1 This is the reason because we need to require that / : M — > M is a diffeomorphism. In this way each 
: L 2 (M, Ei) —> L 2 (M, Ei) is bounded and so we can conclude that Ti o e ~ t ' Pabs / r < ll - i is a trace-class operator 
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We need to state some propositions in order to prove the above theorem. We give the proof 
only for the complex (L 2 (M,Ei),P maxi ). The other one is completely analogous. 

Lemma 3. Consider an abstract Fredholm complex as in Q and let T be an endomorphism 
of this complex, that is T = (Tq, ...,T n ), for each i = 0, ...,n Ti : Hi — > Hi is bounded and 
Di o Ti = Ti + \ o Di on T>(Di). Let 7T; : Hi — > H.i(H*, D*) be the orthogonal projection induced 
by the Kodaira decomposition of proposition^ Then for each i = 0, ..,n we have 

TrfooT; :H l (H,,D,) -^W{H,,D,)) = Tr(T!* : IP(H 9 ,D m ) -> H l {H,,D,)) 



Proof. Let 7 : W(H*,D*) -> H l (H*,D*) the isomorphism of Q. Then it is clear that 
T* , that is the endomorphism of if 1 (f/* , L>* ) induced by lj, satisfies T* = 70^0^0 7 _1 . 
Now from this it follows immediately that Trfo o T* : W{H*,D*) -> H l (H*,D*)) = Tr(T* : 
H\H*,D*) -> H^H^D,)). □ 

Lemma 4. VKe have the following properties. 

1. For each i = 0, ...,n the operators V a bs,i have the same non zero eigenvalues. 

2. Let Ei(X) be the eigenspace relative to V a bs,i & n d the eigenvalue X. Then Ei(X) is finite 
dimensional and made of smooth eigensections. 

3. Finally, for each eigenvalue A 7^ ; consider the following complex: 

P ^ i ~ 1 Ei{\) P h*-* E l+1 (X) P ^ l+1 E i+2 (X) P "V +2 ... (56) 



where P^ ax ^ := Pmax,i\Ei{\) Then it is an acyclic complex. 

Proof. Let A ^ an eigenvalue of V a bs,i and let s <E T>(V a b s ,i) such that V a b s .i(s) = As. Consider 
P ma x,i{s). Then P ma x,i( s ) G Z>CPab«,i+i) if and onl y if P min,i( p max,i(s)) G T^{.Pmax,i)- Clearly 
PLn^PmaxM) € V{P max ^) if and only if {PLn,i( P max,i{s)) + P m ax,i-l(PLn,i-l( s ))) e 
P'iP-max,!)- But this last condition is satisfied because P4m,i(- P " l a a; , l (s))+P„ l ar i; , l -i(flin,i-i( s )) 
= ^o6s,i(s) = As and this implies that P max ,i{s) € ^(Pa&s.i+i) and that P a & s ,i + i(P ma x,i(s)) 
= AP ma;C: j(s). In the same way, if s G V(V abs ,i+x) satisfies V a bs,i+i{s) = As, then P^.^s) E 
'D(V a bs,i) and V a bs,i{Pm m ,i( s )) = ^Prnin,i( s )- Therefore we can conclude that for each i = 
0, ...,n the operators P a bs,i and Pab^.i+ihave the same non zero eigenvalues. 
Now consider the eigenspaces Pi (A). That is finite dimensional for each A ^ follows by the 
fact that e~ tVabs - i is a trace-class operator while that it is finite dimensional for A = follows 
by the fact that P a bs,i is a Fredholm operator on its domain endowed with the graph norm. 
Moreover elliptic regularity tells us that Ei(X) is made of smooth eigensections. 
Finally consider 



Ei(X) m A x ' l E i+1 (X) mo -T +1 P i+2 (A) m =r\.. (57) 



where P* ax>i := P max ,i\ El (\y 

Let s G Ker(P maXtl ). Then V abSti (s) = As = P m ax,i-\{Pmin( s ))- Therefore s € ra7i(P mo!Bj <_i) 
and this implies that (57) is a long exact sequences, or in other words, it is an acyclic complex. 

□ 

Now we state the last result we need to prove theorem [I] We take it from [3J. 
Lemma 5. Consider a complex of finite dimensional vector space 

-> V 4 ... ^ K, 4 K+i K i+ 2 ^ 2 ... V V n h 0. (58) 
and for each i let G h \V%—$'Vi an endomorphism such that fyo Gi = G^+i o fy. Then 

n n 

^(-irTr(G 4 ) = ^(-irTr(G*) 

i=0 i=0 



where G* is the endomorphism of the i—th cohomology group of the complex (58) induced by 
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Proof. See 0. □ 

Proof, (of theorem 13. As said above we give the proof only for (54). The proof for (551 is 
completely analogous. Consider the heat operator e~ tVabB - i : L 2 (M,Ei) — > L 2 (M, Ej). By the 
third point of theorem [l] it follows that there exists an Hilbert base of L 2 (M, Ei), {4>j}j£ J N, made 
of smooth eigensections of Tabs,!, in such way the smooth kernel of e~ tVabs - i satisfies k(t, x, y) = 
J2 3 e- tx =(f> j (x)M(f)* j (y). Moreover, by the fact that T* : L 2 (M, Ei) -> L 2 (M, Ei) is bounded, we 
know that Tioe" tVahs - i and e~* Pal " ,i oTi are trace class and that Tr(Tjoe _47: ' abs ' i ) = Ti(e~ tVabs ' i o 
Tj). Now, if we label Xj) the orthogonal projection Xj) : L 2 (M, Ei) —> £j(Aj), then we 
can write e~ tVab3 < i = Ej e~ tx ^Tt(i, Xj) and therefore e ~ tVabs - 1 oT, = (Ej e~ tx ^Tt(i, Xj)) oT, = 
Ej e~ tXj (n(i, Xj) o Tj). In this way we get 

Tr(T 4 o e - tv ^) = Tr(e^— o Tj) = £ e~ tx > Tr((7r(z, A,) o Tj)). (59) 

i 

Consider ELoC- 1 )' Tr ( T * ° e-"W). Then EIUM)* Tr (^ ° ) = 



i=0 



(-1)» A,) o 2})) 
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£(-1)' ■&((*(<, A^ol})). 



(60) 



i=0 



Now examine carefully this last expression. Both Xj) o Tj : L 2 (M,Ei) —> Ei(Xj) and 
ir(i,Xj) : L 2 (M,Ei) — > Ej(Xj) are trace-class operators. This implies that Tr(7r(i,Aj) oT ; ) = 
Tr(7r(i, Xj) o 7r(z, Aj) o Tj) = Tr(-7r(i, Aj) o Tj o 7r(i, Aj)) and this last one is equal to the trace of 
7r(i, Aj) o Tj : Ei(Xj) — > Ei(Xj). But if we take the following complex for Aj 7^ 



- 1 £j(Aj) "T" ^ +1 (A,) 



-J* 



-Ej+2(Aj) 



(61) 



we know that (61) is an acyclic complex. Moreover it is immediate to check that Xj) o 
Tj is an endomorphism of (61) and therefore, applying lemma 58 we can conclude that 
E" = o( — I) 1 Tr(7r(i, A 3 ) o Tj) = for Aj ^ 0. This leads to a relevant simplification of (60): 



n n n 

£(-iy Tr(T ie -^-.*) = £ ]T(-1) 1 Tr(7r(z, Aj) o T) = £(-1)* Tr(n(i, 0) o Tj). (62) 

i=0 j z=0 i=0 

Finally, using lemma[3j it follows that Tr(7r(?,0) o Tj) = Tr(T^) and therefore the theorem is 
proved. □ 

As an immediate consequence of theorem [4] we have the following corollary 

Corollary 4. In the same assumptions of theorem ^ then 

n 

L 2 , max (T) = lim^(-l) i Tr(Tje- t7 '^. < ) (63) 

i=0 

and analogously 

n 

L 2 ,min(T) = lini^(-l) l Tr(Te- tp — ) (64) 

i=0 

Before to go ahead we add some comments to theorem |4j 

Remark 3. In the statement of theorem ^ we assume that the endomorphism T satisfies 
definition \13\ But from the proof it is clear that the particular structure of the endomor- 
phism, that is Tj = 4>i o /* doesn't play any role. It is just a sufficient condition to assure 
that each Tj induces a bounded map acting on L (M,Ei) and that T is an endomorphism of 
(L 2 (M, Ei), P m ax/min.i)- Therefore if we have a n— tupleofmapT— (T\, ...,T n ) such that, for 
eachi = 0, ...,n, T { : L 2 (M, Ei) -> L 2 (M,Ei) is bounded andT i+ ioP max/mml = P ma x/ m in,i°Ti 
on 'D{Pmax/min,i) then we can state and prove theoremU\in the same way. 
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Remark 4. We stated theorem^in the case of an elliptic complex of differential cone operators 
over a compact manifold with conical singularities. This is because, using the result coming 
from the theory of elliptic differential cone operators, we know that (L 2 (M, Ei), P m ax/min,i) are 
Fredholm complexes and that e~ tVabs / re '- i are trace-class operators. Therefore it is possible to 
define maximal and minimal L 2 — Lefschetz numbers and to prove theorem^ A priori it is not 
possible to do the same for an arbitrary elliptic complex of differential operators over a (possible 
incomplete) riemannian manifold (M,g). But it is clear that if we know that the maximal and 
the minimal extension of our complex are Fredholm complexes and that for each i the heat 
operator constructed from the i-th laplacian associated to the maximal/minimal complex is a 
trace-class operator, then it is possible to state and prove in the same way formulas (54) and 
(551 for the L 2 — Lefschetz numbers associated to the maximal and minimal extension of our 
complex. 

We conclude the section with the following theorems: 

Theorem 5. Let X be a compact manifold with conical singularities of dimension m + 1 and 
let g be a conic metric on reg(X) — M. Consider an elliptic complex of differential cone 
operators as in (49) and let T = <fi o /* be a geometric endomorphism of (49) as in definition 
[7ff| Finally suppose that f has only simple fixed points. Then we have: 

L 2tmax/min (T) = lim( V yV-l)* / tviToe-^^dvolg) (65) 

qeFix(f) i=0 u i 

where U q is an open neighborhood of q £ Fix(f). 

Proof. We know, by the assumptions, that / has only simple fixed points. For each of these 
point, that we label q, let U q be an open neighborhood of q. Then, using again corollary [4j we 
know that L 2 , m ax/min(T) = lim^oX^^ 1 ) 1 J M tT ( T ^ ° e^ tVab ^^ 1 -'). Obviously we can break 
the member on the right as 



E E 

qGFix(f) i=0 



(-If [ ti{T l oe- tp ^^"-')dvol g + y2(-iy [ tx(TiO e-^o'^dvolg 

JU„ .-_ n JV 



where V = M — U qe Fix(f)U q . Clearly, in the term on the left we mean the regular part of U q 
when q £ Fix(f) D sing(X). Now, as remarked previously, we know that f(q) = q for each 
q £ sing(X). This implies {(f(q),q) '■ q £ V} is a compact subset of M x M disjoint from 
Am- So we can use the second property of theorem [2] to conclude that 



lim / tv{^o e- tlJ ^'^^{f{q),q))dvol g = / lim tr(& o e ""W-M (/( g ), q))dvol g = 0. 

This complete the proof. □ 

The second point in the above theorem suggests to break the Lefschetz numbers as a 
contribution of two terms, that is 

(T) = 

max I rain 

(T,S) (66) 

where C max / m i n (T,lZ) is the contribution given by the simple fixed point lying in reg(X), that 
is 

n „ 

C max/min (T,n) = lim( Yl E(~ X ) / H T i ^ tVah ' /Te,A )dvol g ) 

qeFix(f)nreg(X) i=0 Ju i 

and analogously C max / m i n (T,S) is the contribution given by the simple fixed point lying in 
Fix(f) H sing(X), that is 

n „ 

C max/min (T,S) = ^m( E^ 1 ) 1 / HTi°z~ trPab °> TBhi )dvol g ). 

qeFix(f)nsing(X) i=0 JU t 
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Theorem 6. In the hypothesis of the previous theorem, suppose furthermore that for each 
i — 0, n 

Pi o P i + P,_ x o P\_ x : C C °°(M, Ei) ->■ C C °°(A/, £„) 



is a generalized Laplacian (see definition 12). Then we get : 



L 2 , max (t) _ y, E \L(id T - { dj)\ + C2max (T ' s) ■ 



Analogously for Li2 t min{T) we have 



L2,min(T) - E E Idetdd-d'fM + £2 ' mm ( T ' 

q£Fix(f)r\M 1=0 1 V 9,/ ;l 

Proof. By theorem[5j we know that the L 2 — Lefschetz numbers depend only on the simple fixed 
point of / and that we can localize their contribution, that is, 

n . 

L %max/rnin {T) = lim( V y)(-l)* / tr(Toe-*^/"'.')« 9 ) 

qGFix(f) i=0 JiJ i 

where J7 g is an arbitrary open neighborhood of q. Now if q € reg(X) l~l Fix(f), by the assump- 
tions, we can use the local asymptotic expansion recalled in the last point of theorem [2j Now, 
to get the conclusion, the proof is exactly the same as in the closed case; see for example [5] 
theorem 6.6 or [32] theorem theorem 10.12. □ 

We have the following immediate corollary: 

Corollary 5. In the same hypothesis of theorem^ Then: 

!■ £max(T,TZ) = £ m i n (T,TZ) that is, the simple fixed points in M give the same contribu- 
tions for both the Lefschetz numbers L2 tma x/min(T). 

£max/min{T,S) do not depend on the particular conic metric fixed on M and do not 
depend on the metrics po, ...,p n respectively on Eq, ...,E n . 

Proof. The first assertion is an immediate consequence of the second point of theorem [6] For 
the second statement, by proposition [ill we know that L 2 . ma x/min{T) are independent on the 
conic metric we put over M and on the metric po,...,p n respectively on Eq, E n . Again, 
by the second point of theorem |6j we know that also C max / m i n (T,TZ) are independent from 
the conic metrics and on the metric p$, ...,p n respectively on Eq, ...,E n . Therefore the same 
conclusion holds toTjC max / m j„ (T, S) . The corollary is proved. □ 

4 The contribution of the singular points 

The aim of this section is to give, in some particular cases, an explicit formula for C max / min {T, S), 
that is for the contribution given by the singular points to the Lefschetz numbers L 2)max / m i n {T). 
Consider the same situation described in theorem[5j Suppose moreover that the following prop- 
erties hold: 

1. For each q G sing(X) there exists an isomorphism Xq '■ U q — > C 2 {L q ) such that on 
[0, 2) x L q , using (27), each operator is constant in x and, using the decomposition 



( 46 1 , the map / takes the form: 

f = (rA(p),B(p)). (67) 

2. On reg{C 2 {L q )), using again the isomorphism \q '■ U q —> C 2 {L q ), the conic metric g 
satisfies g = dr 2 + r 2 h with h that does not depend on r and each metric pi on Ei does 
not depend on r in a neighborhood of dM . 

Before stating the next theorem we recall a definition from [26 . 
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Definition 18. Consider the isometry U t : L 2 (reg{C(N)),E) -> L 2 (reg(C(N)), E) as de- 
fined in the proof of lemma that is £^(7) = £ 2 7(tr,f>). Consider an operator Pq G 
DiffQ ,,y (r'e5(C(A r ))) suc/i i/iai, using i/ie expression (27), each Ak is constant in x. Then a 
closed extension P of Pq is said scalable ifU^PUt = t v P. 



Lemma 6. Given Pq € DiSq' u (reg(C'(N))) as in definition 18 then Po, m ax and Po.mm ore 
always scalable. If we take Pq, the formal adjoint of Pq, then also Pq min o Po tmax , Pq max o 

Po ,min ° Pq max 

and Po,max P^min are scalable extensions of Pq o Pq and Pq o Pq 
respectively. Finally, if in a complex we consider Vi '■= Pi o Pi + P%—i ° Pf-i (see the statement 
of theorem^ then also the closed extension V a bs.i andV re i t i (see (20) and {21)) are scalable 
extensions. 

Proof. For the first assertion see |26j pag. 58. The others assertions are an immediate conse- 
quence of the previous one and of the definition of scalable extension. □ 

Now we are ready to state the following theorem: 

Theorem 7. In the same hypothesis of theorem [5[ Suppose moreover that the two properties 
described above definition\18\ hold. Then we have: 



n -1 />oo J /> 

Av Jo x JL q 

(68) 



•"max/min 

q£Lsing(X) i—0 



Proof. Let q G sing(X). By the hypothesis we know that there exists an open neighborhood 
U q and an isomorphism \q '■ U q — > C2(L q ) such that, on Ci{L q }, f takes the form (67) and 
each Ak is constant in x. Using the properties stated in [26] pag. 42-43, we get that the limit 



t->o 



lim / tr(^oe tPabs ^' l - i (rA(p), B(p),r,p))dvol g 



reg(U q ) 



is equal to 



lim / tr(0j o e' tHabs ' r ' l ^{rA{p),B(p),r,p))r m dvol h dr 

f ^°Jreg(C 2 (L q )) 



where, with a little abuse of notation, in the second expression we mean the heat kernel 
associated to the absolute and relative extension of the operator, induced by V%\\j through \ q , 
acting on C£° (reg(C2(L q )) , (x^ 1 )*-^) • So, for each i — 0, ...,n, we have to calculate 

lim / tr(0i o e' tVab ^ r "' i (rA(p),B(p),r,p))r m drdvol h . 



reg(C 2 (L q )) 



Moreover, we assumed that, on reg(C2(L q )), the conic metric g satisfies g — dr 2 + r 2 h with h 
that does not depend on r and that each metric pi on Ei does not depend on r in a neighborhood 
of DM . This implies that, for each i — 0, n, the operator Vi satisfies the assumption at the 
beginning of the subsection, that is each Ak does not depend on x. Therefore, using lemma [6j 
we get that V a bs/rei.i are scalable extensions of Vi. Now, after these observations, we can go 
on to calculate 

lim / tv{<j) % o e~ tVabs i"i(rA(p),B(p),r,p))dvol g . 

Jreg(C 2 (L q )) 

Using lemma [T] and the fact that V a b s /rei,i are scalable extensions of Vi we get 

tr(& o e- tv " b ^ r "-'(rA{p),B(p),r,p))r m drdvol h = 



s 



reg(C 2 (L q )) 

trOi o e- tr ~ 2 " v ^^(A(p),B(j)), l,p))dvol h hdr. 



2 , 1 



Jl 



r 
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Now if we put ^7 = x we get ~^Jfi = dx which implies that ~ = — = ~^, t +i ^j- and in 
conclusion — = -j^^f • Moreover when r goes to then x goes to 00 and when r goes to 2 
then x goes to 4. So we get 

-tx{4>ioe- tr ^" v ^/^{A{p),B{p),l,p))dvol h hdr = 



tr(& o e-' B ''»*-/«i,i(A(p) ) B(p), l,p))d«o/ h . (69) 



1 /"°° da; 



2;/ 



t/4 ^ 



Therefore to conclude we have to evaluate the limit 

r°° dx r 

It/4, X J Lq 



1 r°° fj T r 

lim — / / tr(& o e -*^.wr-.i (A(p), B(p), l,p))dvol h (70) 



To do this consider the term J L tr(^ o e xV ^s/ r ci,i (A(p), B(p), l,p))dvolh- We know, by the 
hypothesis, that / has only simple fixed points. In particular each q G sing(X) is a simple fixed 
point. The conditions described in definition [l5| together with (67) implies that either A(p) 7^ 1 
for allp £ L q or B : L q — > L q has not fixed points. Anyway each of these conditions implies that 
whenp runs over L q then {(A(p),B(p), l,p)} is a compact subset of reg(C 2 (L q )) x reg(C 2 (L q )) 
that doesn't intersect the diagonal. Therefore we can use the second property stated in theorem 
[2] to conclude that, when x — > 0, 



tr(& o e- xV ° b «>™ l *{A{2>),B(p), l,p))dvol h = Ofc^) for each N > 0. (71) 



In this way we can conclude that the limit ( 70 ) exists and we have 

lim—/ — / tii^oe- xV ^'^(A(p) 1 B(p),l,p))dvol h = 



tr(4 o e-* F w><*(A(p),B(p), l,p))dvol h . (72) 



t^o2vJ t/4 x JL< 

1 dx r 

1v J X J L 



Finally it is also clear that ( 72 ) converges because, given a sufficient small e > we have 



(72)=/ 0{x N )dx+ I x-Hx I tr(^ i oe-* 7 '-w«i.i( i i(p),fl(p),l,p))dvoZh. 



The first term is clearly finite and the second one is finite because, by (69 1, it is the trace of 
Ti o e~ tPah <>/ rel > i valued in e and Tj o e~ tVabs / r " l < i are trace-class. This completes the proof. □ 

Now, for each i = 0, ..,n, using again the hypothesis and the notations of theorem [7J and 
assuming still that q is a simple fixed point for /, define the following "modified version" of 
the classical £— function: 

1 r°° r 

1 / „_i . / . , , -xV a 



C,T uq {V abs / re i^{s) := — / x s ~ l dx tr(<j )l oe- xy ^^(A(p),B(p),l,p))dvol h . (73) 

lv JO JL q 

The definition makes sense for each s £ C because, as observed in the proof of theorem [7j 
{(A(p), B(p), l,p)} is a compact subset of reg(X) x reg(X) that is disjoint from the diagonal 
A reg (x)- Therefore we can apply the second point of theorem [2] to conclude that, when x — > 0, 



ti(4>i o e- xV ° b «>™ l *{A{j>),B(p), l,p))dvol h = 0(x w ) for each N > 0. (74) 



and this implies that CT i ,q('Pabs/rei,i)(s) is a holomorphic function over the whole complex plane. 
The reason behind (72 1 is that if we compare ( 72 ) with the definitions of the zeta functions for 
a generalized Laplacian, see for example [5] pag. 300, then it natural to think at (72) as a sort 
of zeta function for the operators V gbs/ relA valued in 0, which takes account of the action of T, 
in its definition. In this way, using (73), we can reformulate theorem [7] in a more concise way: 

n 

£max/min(T,S) = (— 1) % fc t <q (V a bs/rel,i) (0) • (75) 

qGsing(X) i=0 
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Before to conclude the section we make the following remarks. 
In the same hypothesis of theorem [5] consider a point q € sing(X) such that q is an attractive 
simple fixed point. We recall that over a neighborhood U q = [0, 2) x L q of q we can look at 
/ as a map given by (rA(r,p), B(r,p)) : [0, 2) x L q —> [0, 2) x L q with A and B smooth up to 



0. From definition 16 we know that q is attractive if lim,.-^ A(r,p) < 1 for each fixed p £ L q . 
Clearly this implies that f(U q ) C U q . Therefore it follows that, if we consider the complex 



O^C?(U q ,Eo\u t ) 3 C^iU^Etlu) 3 ... ^ C?{U q ,E n \ Uq ) 3 (76) 



then T is also a geometric endomorphism of (76 1 and, using proposition 10 we get that T 
extends as a bounded endomorphism of the complexes (L (U q , Ei\jj ), (P\u q )max/min,i)- 
Moreover, by the results proved in the first and the second chapter of [26], it follows that 
(L 2 (U q , Ei\jj ), (P\u q )max/min,i) are both Fredholm complexes and that, the respective heat 
operators , e~ tt " v ^ u ^ ahB/r " l - i : L 2 {U q , E; t \u q ) — > L 2 (U q , Ei\u v ), are trace-class operators. 
Using again the properties stated in [25] at pag. 42-43, it follows that for each open neighbor- 
hood V q of q, such that V q is a subset of U q , we have 

m/««,.-"- (* p ) lB „, p) ,,, P )«,. 



lim / tr(0j o e t( - v ^ u ^ abs/r " l -'(rA(r,p),B(r,p) 7 r 7 p)dvol g . 



Suppose now that we are in the hypothesis of theorem [7] By the proof of the same theorem, 
it follows that for each < b < 2 

lim [ [ tr(<foo e- t{vlu ^ ab ^ r "^)(rA(p),B(p),r,p)r m dvol h dr = 

x~ x dx I ti(<pioe- x ( vlu ^« b °/™i,i)(A(p),B(p),l,p)dvol h 

that is it does not depend on the particular b we fixed. Therefore we can conclude that 

lim / tr(0i o e - tVab ^ r <"-'(rA(p),B(p),r,p)dvol g = (77) 
t ~ y0 Ju q 

= lim / tT((f> i Qe~ t ^ u ^ ab ^ rel ' i (rA(p),B(p),r,p)dvol g . 



Summarizing we obtained that it makes sense to define, for an attractive simple fixed point, 
L2,max/min(T\u q ) as the L 2 — Lefschetz numbers of T acting on the maximal/minimal extension 
of (76) and that, under the hypothesis of theorem [7j it satisfies 



n „ 

L 2 ,max/min(T\u q ) = lim V(-l) 4 / tr(0, o e -«^./-M (r A(p) , B(p), r, p)dvol g . (78) 

Now we proceed making another remark before the conclusion. 

As showed in the second section, T*, the adjoint of Tj, has the following form: 

T* = 9i o (/- 1 )* (79) 

where 0i = rip* with r positive or negative function respectively if / preserves or reverses 
the orientation. Moreover, a simple computation, shows that T* is an endomorphism of the 
following Fredholm complexes: (L 2 (M, Ej), P^ ax / min $)■ By the fact that, if Q : H — > H is 
a trace-class operator acting on the Hilbert space H then also Q* is trace-class and Tr(Q) = 
Tr(Q*), it follows that 

Tr(Tj o e -«Wrei,*) = Tj.^-tVat,,/^ Q T* ) = Tr(T* o e -"W"M). (80) 
In other words we proved that: 

^2,max/min(^) ^ J 2,min/max{ r P ) (^-0 
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where T acts on (L 2 (M, E{), P ma x/min,i) and T* acts on (L 2 (M, E t ), P^ m/max i ). 

A second consequence is the following: consider a point q £ sing(X) such that q is a repulsive 

simple fixed point. Clearly, by the fact that / on U q = C^iL^) takes the form / = (rA(p), B{p)) 

it follows that / _1 = (rG(p), B~ 1 (p)) where G — Ao g-i ■ The fact that q is repulsive means 

that A > 1. Therefore it follows that q is an attractive simple fixed point for T*. 

Finally we are in positions to conclude with the following results: 

Corollary 6. In the same hypothesis of theorem^ Suppose moreover that q £ sing(X) is an 
attractive fixed point. Then 



i=0 



(—lyCT i ,q('Pabs/rel,i)(Q) — L2, m ax/min(T\ jj q ) . 



In particular this tells us that 53iLo( — ^) l C,Ti,q^Pabs/rel,i){^) has a geometric meaning itself. 

Proof. It follows immediately from theorem [7] and ( [78] ) . □ 

Theorem 8. In the same hypothesis of theorem [6j Suppose moreover that the first property 
stated at the beginning of the section holds. Then we have: 

n ( 1)* Tr(0) n 
L2, max / m in( T ) = \det(Id-d J)\ + ^ X)( -1 )*£ r <'9(^°WreJ,i)( ) ( 82 ) 

p£Fix{f)nM i=0 1 ^ qJ '< qesing(X)i=0 



where in (|82j) the contribution given by the singular points is calculated fixing any conic metric 
g on reg(X) and any metrics po, p n on Eq, E n which satisfy the hypothesis of theorem^ 
Moreover if each point q £ sing(X) is an attractive fixed point we have: 

L2,max/min(T) = \dct(Id d (f~^))\ ^2,mifl/mol(^ \u q )- (83) 

peFix(f)nM i=Q ' 6 q ^ q£sing(X) 

while if each q £ sing(X) is a repulsive fixed point then we have : 

L2,max/min(T) = ^ ^ \dct(Id d If" 1 PI + ^ L 2 . mm / m ax{T*\u q )- (84) 

Finally we remark again that, when Vi is a generalized Laplacian, the contribution given by 
the singular simplex fixed points, that is 

n 

^max /rain 

qGsing(X) i=0 

does not depend on the particular conic metric that we fix on reg(X) and on the metrics 
po, p n that we fix on Eq, E n . 

Proof. As showed in corollarypl when each V% is a generalized Laplacian, then L2, max / m in(T), 
£(T,TZ) and C max i rnin {T,S) do not depend on the conic metric we fix on reg(X) and do not 
depend on the metrics we fix pq, p n on Eq, E n . Therefore, without loss of generality, we 
can assume that for each q £ sing(X), using the isomorphism \q '■ U q — > CiiTq) of (671, the 
conic metric g satisfies g — dr 2 + r 2 h with h that does not depend on r and that each metric 
Pi on Ei does not depend on r in a neighborhood of DM . In this way we are in position to 
apply theorem [7] and so ( 82 1 follows combining the theorems [6] and [7j Moreover this tell us 
that, in (82), the contribution of the singular points is well defined and does not depend on the 
metrics g, po, p n (satisfying the assumptions of theorem [7]) used to calculate it. The second 
assertion follows from corollary [6] while the last assertion follows from ( [79] ) and (81). □ 

Remark 5. We stress on the fact that, unlike theorem [?| in theorem [#| there are not as- 
sumptions about the conic metric g on reg(X) and about the metrics pQ,...,p n on Eq,...,E u 
respectively. 
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Finally we conclude the section with the following comment. 
The condition that we required at the beginning of the subsection for each operator Pj, that 
each A k does not depend from x, might appear as to be too strong at first right. Obviously this 
is indeed a strong assumption but it is at the same time quite natural because the most natural 
complex arising in differential geometry, the de Rham complex, satisfies this assumption. 



The requirement (67), about the behavior of / near the point p, is justified by the idea to 
evaluate £ m ax/min (T, S) using the scaling invariance of the heat kernel, see lemma [T] In fact 
if / = (rA(r,p), B(r,p)) then, after the scaling invariance is used, we get in our expression the 
' Pab "/ rel >*(A(r,p), B(r,p), l,p)). To have that this last expression make sense 



we need that (A(r,p), B(r,p), l,p) £ Q{f) and therefore this leads us to assume (67). 
4.1 The case of a short complex 

The aim of this subsection is to give a formula for the L 2 — Lefschetz numbers in the particular 
case of a short complex, that is is an elliptic conic operator P : C^°(M, E) — > C^°(M, E), using 
the result stated in proposition [9] To do this we start describing our geometric situation which 
is the same of the previous results with some additional requirements: let X be a compact 
and oriented manifold with conical singularities of dimension m + 1. Let M be its regular 
part and let M be the compact manifold with boundary which desingularize X. Endow M 
with a conic metric g. Let (E, p) be a vector bundle endowed with a metric (riemannian or 
hermitian) according if E is complex or real. Let (E, p) be the extension of (E, p) over M. 
Let T = (T\,T-z) be a geometric endomorphism where, as we alr eady know, Tj = <f>i o /* with 



/ : M — > M is a diffeomorphism as described in definition 13 and : f*E —> E a bundle 
homorphism. Suppose that Fix(f) is made only by simple fixed points. Finally, suppose that 
in each neighborhood U q = C2{L q ) of q € sing(X) the operator P take the form 

P=^ + ^- + 1 S (85) 
2r or r 

where S € Diff 1 (A r , En) is an elliptic operator and the map / take the form 

f=(rc,B(p)),c^l (86) 

where c > and depends only on q. 

Theorem 9. In the same hypothesis of theorem ^ suppose moreover that the properties de- 
scribed above hold. Then for each q £ sing(X) we have: 



CT , q ( p L x °Pmin)(0) = ^- I e- u -^ V(A)(y)d«T*(*o,A,,) ( 87 ) 

and analogously 



AtEspcc S 



where 



tT ug (Pmin o i*aJ(0) = ^ f £ ( A ) (y )du T>(*1,A,,) 

, ' AespccS 

^j,X, q ) = f tr(h<S> x , q (B(p),p))dvol h , j = 0, 1. 



Proof. We give the proof only for (87) because for (88) is completely analogous. To prove the 
assertion we have to calculate 

lim / tr(T oe- p — oP ™")dvol g . 



t-s-o 



reg(C 2 (L q )) 



By the assumptions we are in position to use the second statement of proposition[9]and therefore 
it is clear that the smooth kernel of To o e~ Pmt " oPmin is 

AG spec S 
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In this way we have to calculate 

l^o [ E ^(^l^Vwt^"^^ / t^ x {B{p),q))dvol h . 

^ ^° AGspccS ' Jh i 

Clearly J L ti(4>o^\{B(p),q))dvol) l does not depend on t and so, if we label it Tr($o,A,g)> our 
task now is to calculate 

E 27 (cr } 2 V(A)(^) e « r-dr. 

A^specS 1 

To do this put = u. Then rdr = Moreover when r goes to 2 u goes to | while when r 
goes to u goes to zero. So, applying this change of variable, we get 

l — n 4 

1- C 2 I ' - " (c2 + 1) r /"^j 

lim — / e * ^ I p+(A) (— 



i) 



AtEspcc S 



Now, by the asymptotic behavior of the integrand, we know that this limit exists and is equal 

CT f°° ii(c 2 + l) x - UC, 



4 



/•OO o 

/ e 2^ V(A)(v) dM - 



AtEspcc S 

So we proved the statement. □ 

From theorem [9] we have the following immediate corollary: 

Corollary 7. In the same hypothesis of theorem^ but without any assumptions about the conic 
metric g on reg(X) and the metric p on E. Suppose moreover that P o P : C£° (M, E) — > 
(M, E) is a generalized Laplacian. Then we have the following formula: 

qeMnFix(f) 3=0 1 v qj n 



E C -^ffe-^ J2 Vw(y)*»^)- 

sing(X) ASspccS 

e /°v^ E 



qGsing(X) AeEspecS 

where the contribution of the singular points is calculated fixing any conic metric g on reg(X) 
and any metric p on E which satisfy the assumptions of theorem^ 

Proof. As observed in the proof of theorem [8j by the fact that P t oP is a generalized Laplacian, 
it follows that C(T,S) does not depend on the conic metric we fix on reg(X) and does not 
depend on the metric p we fix on E. Therefore, without loss of generality, we can assume that 



for each q £ sing{X) 1 using the isomorphism \q '■ U q —> Ci{L^) of (67), the conic metric g 
satisfies g = dr 2 + r 2 h with h that does not depend on r and that each metric pi on E{ does 
not depend on r in a neighborhood of dM. In this way we are in position to apply theorem [9] 



and therefore (901 follows. □ 



5 A thorough analysis of the de Rham case 
5.1 Applications of the previous results 

As remarked previously, theorems [6] and [8j corollary [6] and in particular ( 82 ) hold for the 



Hilbert complexes (L fi l (M, g), d max / m i n ^). More explicitly, we have the following result: 
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Theorem 10. Let X be a compact and oriented manifold with isolated conical singularities 
and of dimension m + 1. Let g be a conic metric over its regular part reg(X). Let f : X — > X 
a map induced by a diffeomorphism f : M —> M which fixes each connected component of dM . 
Consider T := (df)* o /*, the natural endomorphism of the de Rham complex induced by f . 
Finally suppose that f has only simple fixed points. Then we have: 



L 



2,max/min 



(T) = 



E 

q£Fix(f)C[reg(X) 



sgadet(Id - d q f) + C max/min {T, S). 



(91) 



If in a neighborhood of each simple fixed point q f satisfies the condition described in (67), then 
we have: L? 



J 2,max / min 



(T) 



m+l 



E 

q£Fix(f)nreg(X) 



sgn det(Id — d q f) 



E E(- 1 )^T„ 9 (A Q6sAei ^)(0) (92) 

qGsing(X) i=0 



where in ( 92 ) the contribution of the singular points is calculated using any conic metric g on 
reg(x) such that, again through the isomorphism Xq ■ U q — > C-i{Lq) of (67 1, g takes the form 
dr 2 + r 2 h and h does not depend on r. 

In particular if each q £ sing(X) is an attractive simple fixed point then we have: 



J 2,max/min 



(T) 



E 



'</./ 1 T ^ ^ I J 2.max/min 
qGFix(f)nreg(X) qEsing(X) 



sgndet(Id — d q f) 



(T\u q ). (93) 



while if each q £ sing(X) is a repulsive simple fixed point then we have: 



J 2,max/min 



(T) 



sgndet(Id-d q (r 1 )) + 

q£Fix(f)nreg(X) 



^ ^ ■t J 2,min/rnan \ 
q^sing(X) 



,(T*k). (94) 

Moreover in (92 1 the member on the right, that is C max / rn i n (T,S), does not depend on the 
particular conic metric that we fix on reg(X). 



Proof. ( 91 1 follows immediately from theorem 6 In particular the expression for C 



■nax/miri 



follows by a standard argument of linear algebra; see for example [3] or [32] . ( 92 ) follows as 
in the proof of theorem (J8|; in particular, as remarked in the proof of lemma TJthe scaling 
invariance property for the heat operator associated to positive self-adjoint extension of A^, 
was proved by Cheeger in [TS] . Finally ( 93 ) and ( 94 1 follows again from theorem [8j □ 

By the fact that / : X — > X is induced by a diffeomorphism of M it follows that the map 
/ satisfies f(sing(X)) — sing(X) and f(reg(X)) — reg(X). This implies, see for example .2pj, 
that if we fix a perversity p then / induces a well defined map, /*, between the intersection 
cohomology groups respect to the perversity p. In particular we have /* : I m H(X) — > I m H{X) 
and /* : I—H(X) — > I—H(X). Therefore it is natural to define in this context, as it is showed 
in [22], the intersection Lefschetz number respects to a given perversity p as 



I p L(f) = ^Tti(f* : PH l {X) -> PH\X)). 



(95) 



I p L{f) is deeply studied, from a topological point of view, in [22] and [23] in the more general 
context of a stratified pseudomanifold; our goal in the next corollaries is to give an analytic 
description of I m L(f) and I—L(f) when X is a compact manifold with conical singularities. 
In particular i n (|100 ) we will give an analytic proof of a formula already proved in [22] . So, 
using theorem |91|and theorem |35[ we get the following results: 



Proposition 12. In the same hypothesis of theorem 10: let q G sing(X) be an attractive fixed 
point . Let U q be an open neighborhood of q isomorphic to C2{L q ) and suppose that f satisfies 
(67) and g takes the form g = dr 2 + r 2 h where h does not depend on r. Then, for i < m j~ , 
we have: 

T*((/k)* : Hl max {U q ,g\ Uq ) -> Hi, nax (U q , g\ Uq )) = Tr(£T : H\L q ) -> H\L q )) (96) 
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Proof. As it is showed in [14], in (35) the isomorphism between H\ max (reg(C2(L q )), g) and 
H l (L q ), for i < y + |, is given by the pull-back it* where n : (0, b) x F — >• F is the projection 
on the second factor and inverse is given by v a , the evaluation map in a, where a is any point 
(0, 2). Now by the hypothesis, over U q f can be written as (rA(p), B(p)). An immediate check 
shows that ir* o B* = B* o tt* and therefore Tr((f\ Uq )*) = Tr(B*). □ 

Corollary 8. In the same hypothesis of theorem \1C\ suppose moreover that near each point 
q G sing(X) f satisfies (67). Then we have: 

I-L(f) = 

and analogously 



sgn det(Id — d g f) 

q£Fix(f)nreg(X) 



m+l 



E E(- 1 ) i ^, ? (Aa 6s>i )(0) 
qGsing(X) i=0 



(97) 



/"\L(.f)= E sgndet(Id-d q f) 

qeFix(f)nreg(X) 



m+l 



q£sing(X ) i=0 



(98) 



Finally, if q € sing(X) is an attractive fixed point, then we have 

m+l 

E (-lyc^tA^xo) = e tr ( B * : ^(^) ^(^)) 



and therefore from ( 97 1 we get' 



f\l(/) = L 2ima;c (r) 



(99) 



(100) 



E] sgn det (Id — d q f) 

q£Fix(f)nreg(X) 



E E (-l) l Tr(iT :iT(L 9 

qGsing(X) i<H!±i 



/T(L 9 )). 



Proof. As in theorem |10[ to get the Lefschetz numbers, we can use a conic metric g such that, 
in each neighborhood U q of q G sing(X), using the isomorphism \q '■ U q — > C2(L q ), g takes the 
form g = dr 2 +r 2 h where h does not depend on r. Now (97) and (98) follow immediately by 
the previously theorems. Finally (99) and (100) follow immediately from proposition 12 □ 



Finally we have this last corollary; before stating it we recall that a manifold with conical 
singularities of dimension m+l is a Witt space if m+l is even or, when it is odd, if H"* (L q ) = 
for each link L q . For more details see, for example, [2U] . 

Corollary 9. In the same hypothesis of corollary^ Suppose moreover that X is a Witt space. 
Then we get: 



and, if each q G sing(X) is an attractive fixed point then 

£max(T,S) — £ m i n (T,S) = L<2jnax(T\u q ) = ^2,rom (T\ U q ) = 

q£sing(X) q£sing(X) 

= E E Tr (^ : Hi ( L J ^W)' 

qesing(X) t<ffi±l 

Finally if each q G sing(X) is repulsive then we have: 

£max (T , <S) H m i n (T : S) - 



(101) 
(102) 



E L 2,max 
q£sing(X) 



q£sing(X) 



(103) 



Proof. ( 101 1 follows by the fact that, as it is showed in [2], if X is a Witt space then for each 
i, Ai : n i c (reg(X)) — > tt l c (reg(X)) is essentially self-adjoint as unbounded operator acting on 
L 2 Q,(reg(X),g) and this implies that d ma x,i = d m i n .i for i — 0, ...,m + l. (102) follows by (101) 
combined with (93) and ( 100[ ). Finally (103) follows from the fact that X is Witt and from 
theorem [8j □ 
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5.2 Some further results arising from Cheeger's work on the heat 
kernel 

The aim of this section is to approach the L 2 — Lefschetz numbers of the L 2 — de Rham complex 
using the results of Cheeger stated in [TJ] and in [T3] . For simplicity assume that X is a Witt 
space. As recalled previously, if X is a Witt space and if over reg(X) we put a conic metric, 
then Aj : L 2 Vl* (reg(X), g) — > L 2 U,* (reg(X), g) is essentially self-adjoint for each i — 0, m+1, 
with core domain given by the smooth compactly supported forms. In particular this implies 
that, if dimX = to + 1, then for each i = 0, ...,m + 1, d maxi = d m i n ^. Therefore, for each 
map / : X — > X that induces a geometric endomorphism T as in theorem [TUJ we have just one 
L 2 — Lefschetz number that we label L2(T). 

Now we recall briefly the results we need and we refer to [H] and in particular to [15] . section 3, 
for the complete details and for the proofs. Let ./V be an oriented closed manifold of dimension 
to and let C(N) be the cone over N. Endow reg(G(N)) with a conic metric g = dr 2 +r 2 h where 
h is a riemannian metric over N. In the mentioned papers Cheeger introduce four types of 
differential forms over reg(C(N)), called forms of type 1, 2, 3 and 4, such that each eigenform 
of Aj, the Laplacian acting on the i— forms over reg(C'(N)), can be expressed as convergent 
sum of these forms. For the definition of these forms see [15] pag. 586-588. 

The main reason to introduce these four types of forms is that now we can break the heat 
operator in four pieces, see [T5] pag. 90-92: 

e -tA, = ie -tA 4 + 2e -*A, + 3e - tAj + 4e - t A, 

where, for each I = 1, ...,4, ;e _tAi is the heat operator built using the i— forms of type I. As 
it is showed in [T5J, pag. 590-592, it is possible to give an explicit expression for /e~ tAi . In 
particular for type 1 forms we have: 



= (rir 2 ) Q W V / e~ ty? J,. (i) (An) J l/ . {i) (Xr 2 )XdX^(p 1 ) ® $(pa) = (104) 
. Jo 

1 r ^ a{l) E ^ e_ ^ W^)<^>i) ® <t>'M) ( 105 ) 

3 



where is the modified Bessel function (see [55] pag. 67), a(i) = ^(1 + 2i — to), ^j(i) 

(Hj + a 2 (i))s and a^(i) — a(i) ± ^(i). The corresponding expression for type 2 forms is 



/•OO 

= y]d 1 d 2 ((r 1 r 2 )^- 1 ) / e^* A2 J l/j(l _ 1) (Ar 1 )J iy3( ,_ 1) (Ar 2 )A- 1 dA^- 1 (p 1 ) ® ^(pa)) 
j Jo 

(106) 



The expression for forms of type 3 is: 



3^ 



/ e ((-o(«-l)r/ V^(i-i)(Ar0 + r/ ^,(i-i)(M)A) 3 
j Jo V" 



+r^ (i - 1) 1 J 1 , j . (l _ 1) (Ar 1 )dr 1 A V^jrV)) ® ((-o(t - l)^* -15 J v . (Ar 2 )+ 
a(i-l)+l t/ /\ \\\^3 (P 2 ) , o(t-l)-l T /■. x, . , — Jt-l/ > u -l 

V J^(i-i)(Ar 2 )A) J +r 2 v (Ar 2 )dr 2 A s/flj4>j > 2 ))A MA 



Finally for forms of type 4 we have: 



(107) 



4 e- tA = - (nra)*^ 1 ) V / e" tA J yi(< - 2) (An) J„ i(i - 2) (Ar 2 )AdAdriA ^-^ ®rfr 2 A ^ 
j Jo V^i 

= (rir 2 )°^ « f yj( ._ a) (— )rf ri A J ® dr 2 A J (108) 



30 



Now suppose that for each point q G sing(X), over a neighborhood U q = C2(L q ), f satisfies 
(86). Using Cheeger's results recalled above, it make sense to break To e~ tAi , over C 2 (i g ), as 
a sum of four pieces such that: 

limTr(Toe" tAl ) = lim Tr(T o ie ^+To , e - tA *+To 3 e" tA! +To 4 e- tA '). (109) 

i— s-0 t-vO 



Moreover, using (52), (86), (105) and (108) it is clear that on reg(C2(L q )) we have: 



tr(To l e- tA <)(r,p) = (cr 2 r^J2r+ e 



' -^ ±li / I ,. w (^)tr(S*^.®B*^) (110) 



and analogously 

, _1 -2 (e 2 +1) C r 2 d(B*d?r 2 ) MB*^- 2 ) 

tx{To 4 e- tA 0(r,p) = ( CT -2 ) °(.-2)^_ e — ^ 4j( ._ 2)( l_ )tr(drA ^ ^ ^ drA 1 ^ ; ) 



Now we are in position to state the following result: 



It 



(111) 



Theorem 11. Let X , g and f be as in theorem \10\ such that dimX — m+1. Suppose moreover 
that X is a Witt space and that, on each neighborhood U q = C2{L q ) of each point q G sing(X), 
f satisfies (86) and g takes the form g — dr 2 + r 2 h where h does not depend on r. Then, for 
each q G sing(X), we have: 

1. The forms of type 1 give a contribution only in degree 0. 

2. The contribution given by q in degree zero depends only on the forms of type 1 and we 
have 



Ct o , 9 (A )(0) = ~( 



-«(c 2 + l) ' 



x;^ ( o)(f )d«)c&(BV5®BV})) (H2) 



3. The forms of type 4 give a contribution only in degree 2 and this contribution is 



Tr(T 2 o 4 e- fA2 ) 



1-71 

C 2 



' »(«■»+!) ^ cu d(B*<i?r 2 ) d(B*ct) l r 2 ) 

j 1 y/H 



where Tr(T 2 o 4 e tA2 ) is taken over reg(C2(L q )). 



(113) 



4- The contribution given by q in the others degrees, that is i ^ 0,2, depends only on the 
forms of type 2 and 3. 



Proof. First of all we note that from (fToBl, pM, (fl07| and JT08| it follows that lE - tA ' = er tA ' 



for i — and that 4 e tAi occurs only for i > 2. Now, using 
over reg{C 2 {L q )), 



105) and (110) we know that, 



limTr^c ie - tA ') = Jim /' / ( C r 2 f« £ 



12 2 

e - ?1 ^ ±il 7 Vj (i) ( ^ ) tr (£T 4>) ®B* $ ) r m drdvol h . 



2t 



Clearly this last term it is in turn equal to 



lim(( / { C r 2 )^^e' Z ^Y, I M^)r m dr){Tv{B*^ ® (114) 



and therefore, to get the first two points we have to calculate 



2/; 



)r m dr 



(115) 



First of all remember that a(i) = |(1 — to + 2i); therefore r 2a M r m = r 2l +! Now put 
~ = u. It follows immediately that dr — *4^. Now, by the fact that r 2 = tu it follows that 
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7 ,2t+i _ fi u i r anc j therefore we also get r 2l+1 dr = 1 + % du ■ Moreover when r goes to 2 then u 
goes to j and when r goes to then u goes to 0. In this way we have 

hm^f /V^+^/^Au'du (116) 

Now, by the asymptotic behavior of the integrand it follows that 

Therefore we can conclude that 

piJ^r^^^o,^ *=o (117) 

1 r [ i>0 

In this way we proved the first and the second assertion. For the third statement the proof is 
completely analogous to the previous one. Also in this case it is clear that in order to establish 
the assertion we have to calculate: 



limc^- 2 ^ 



— e « > 7„.c-_2i( — )r dr. 



Now if we put again ^ = u the remaining part of the proof is completely analogous to that 
one of the first two points. 

Finally the last point follows from the first three points. □ 
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